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PREFACE 



This book is intended to bridge the gap between formal engineering texts and more 
popularly accessible descriptions of electric power technology. I discovered this 
gap as a graduate student struggling to understand power systems — especially trans- 
mission and distribution systems — which had always fascinated me but which now 
invited serious study in the context of research on implementing solar energy. 
Although I had studied physics as an undergraduate, 1 found the subject of power 
systems difficult and intimidating. 

The available literature seemed to fall into two categories: easy-to-read, qualitat- 
ive descriptions of the electric grid for the layperson, on the one hand, and highly 
technical books and papers, on the other hand, written for professionals and 
electrical engineering majors. The second category had the information I needed, 
but was guarded by a layer of impenetrable phasor diagrams and other symbolism 
that obviously required a special sort of initiation. 

I was extremely fortunate to have access to some of the most highly respected 
scholars in the field at the University of California, Berkeley, who were also gener- 
ous, patient, and gifted teachers. Thus I survived Leon Chua’s formidable course on 
circuit analysis, followed by two semesters of power engineering with Felix Wu. 
This curriculum hardly made me an expert, but it did enable me to decipher the 
language of the academic and professional literature and identify the issues relevant 
to my work. 

I enjoyed another marvelous learning opportunity through a research project 
beginning in 1989 at several large nuclear and fossil-fueled steam generation 
plants, where our team interviewed the staff as part of a study of “High-Reliability 
Organizations.” My own subsequent research on power distribution took me into the 
field with five U.S. utilities and one in Germany. Aside from the many intriguing 
things we learned about the operating culture in these settings, I discovered how 
clearly the power plant staff could often explain technical concepts about their 
working systems. Their language was characteristically plain and direct, and was 
always guided by practical considerations, such as what this dial tells you, or 
what happens when you push that button. 

In hindsight, the defining moment for inspiring this book occurred in the Pittsburg 
control room when I revealed my ignorance about reactive power (just after having 
boasted about my physics degree, to the operators’ benign amusement). They gener- 
ously supplied me with a copy of the plant operating manual, which turned out to 
contain the single most lucid and comprehensible explanation of electric generators, 
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including reactive power, I had seen. That manual proved to me that it is possible to 
write about electric power systems in a way that is accessible to audiences who have 
not undergone the initiation rites of electrical engineering, but who nevertheless 
want to get the real story. This experience suggested there might be other people 
much like myself — outside the power industry, but vitally concerned with it — 
who could benefit from such a practical approach. 

After finishing my dissertation in 1995, 1 decided to give it a try: My goal was to 
write the book that I would have liked to read as a student six or seven years earlier. 
Considering that it has taken almost a decade to achieve, this turned out to be a much 
more ambitious undertaking than I imagined at the outset. A guiding principle 
throughout my writing process was to assume a minimum of prior knowledge 
on the part of the readers while trying to relate as much as possible to their direct 
experience, thus building a conceptual and intuitive understanding from the 
ground up. I hope the book will serve as a useful reference, and perhaps even as a 
source of further inspiration for others to study the rich and complex subject of 
electric power. 

I envision two main audiences for this book. The first consists of students and 
researchers who are learning about electric circuits and power system engineering 
in an academic setting, and who feel that their understanding would be enhanced 
by a qualitative, conceptual emphasis to complement the quantitative methods 
stressed in technical courses. This audience might include students of diverse back- 
grounds or differing levels of preparation, perhaps transferring into an engineering 
program from other disciplines. Such students often need to solidify their 
understanding of basic information presumed to be second nature for advanced 
undergraduates in technical fields. As a supplement to standard engineering texts, 
this volume aims to provide a clear and accessible review of units, definitions, 
and fundamental physical principles; to explain in words some of the ideas conven- 
tionally shown by equations; to contextualize information, showing connections 
among different topics and pointing out their relevance; and to offer a glimpse 
into the practical world of the electric power industry. 

The second major audience consists of professionals working in and around the 
power industry whose educational background may not be in electrical engineering, 
but who wish to become more familiar with the technical details and the theoretical 
underpinnings of the system they deal with. This group might include analysts 
and administrators and managers coming from the fields of business, economics, 
law, or public policy, as well as individuals with technical or multidisciplinary 
training in areas other than power engineering. In view of the scope and importance 
of contemporary policy decisions about electricity supply and delivery, both in the 
United States and abroad — from the siting of power generation and transmission 
facilities to market regulation and restructuring — a real need appears for a coherent, 
general education on the subject of power systems. My hope is that this volume can 
make a meaningful contribution. 
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CHAPTER 1 



The Physics of Electricity 



1.1 BASIC QUANTITIES 

1.1.1 Introduction 

This chapter describes the quantities that are essential to our understanding of elec- 
tricity: charge, voltage, current, resistance, and electric and magnetic fields. Most 
students of science and engineering find it very hard to gain an intuitive appreciation 
of these quantities, since they are not part of the way we normally see and make 
sense of the world around us. Electrical phenomena have a certain mystique that 
derives from the difficulty of associating them with our direct experience, but also 
from the knowledge that they embody a potent, fundamental force of nature. 

Electric charge is one of the basic dimensions of physical measurement, along 
with mass, distance, time and temperature. All other units in physics can be 
expressed as some combination of these five terms. Unlike the other four, 
however, charge is more remote from our sensory perception. While we can 
easily visualize the size of an object, imagine its weight, or anticipate the duration 
of a process, it is difficult to conceive of “charge” as a tangible phenomenon. 

To be sure, electrical processes are vital to our bodies, from cell metabolism to 
nervous impulses, but we do not usually conceptualize these in terms of electrical 
quantities or forces. Our most direct and obvious experience of electricity is to 
receive an electric shock. Here the presence of charge sends such a strong wave 
of nervous impulses through our body that it produces a distinct and unique sen- 
sation. Other firsthand encounters with electricity include hair that defiantly 
stands on end, a zap from a door knob, and static cling in the laundry. Yet these 
experiences hardly translate into the context of electric power, where we can 
witness the effects of electricity, such as a glowing light bulb or a rotating motor, 
while the essential happenings take place silently and concealed within pieces of 
metal. For the most part, then, electricity remains an abstraction to us, and we 
rely on numerical and geometric representations — aided by liberal analogies from 
other areas of the physical world — to form concepts and develop an intuition 
about it. 
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2 THE PHYSICS OF ELECTRICITY 



1.1.2 Charge 

It was a major scientific accomplishment to integrate an understanding of electricity 
with fundamental concepts about the microscopic nature of matter. Observations of 
static electricity like those mentioned earlier were elegantly explained by Benjamin 
Franklin in the late 1700s as follows: There exist in nature two types of a property 
called charge, arbitrarily labeled "positive” and "negative.” Opposite charges attract 
each other, while like charges repel. When certain materials rub together, one type of 
charge can be transferred by friction and “charge up” objects that subsequently repel 
objects of the same kind (hair), or attract objects of a different kind (polyester and 
cotton, for instance). 

Through a host of ingenious experiments, 1 scientists arrived at a model of the 
atom as being composed of smaller individual particles with opposite charges, 
held together by their electrical attraction. Specifically, the nucleus of an atom, 
which constitutes the vast majority of its mass, contains protons with a positive 
charge, and is enshrouded by electrons with a negative charge. The nucleus also con- 
tains neutrons, which resemble protons, except they have no charge. The electric 
attraction between protons and electrons just balances the electrons’ natural ten- 
dency to escape, which results from both their rapid movement, or kinetic energy, 
and their mutual electric repulsion. (The repulsion among protons in the nucleus 
is overcome by another type of force called the strong nuclear interaction , which 
only acts over very short distances.) 

This model explains both why most materials exhibit no obvious electrical prop- 
erties, and how they can become "charged” under certain circumstances: The oppo- 
site charges carried by electrons and protons are equivalent in magnitude, and when 
electrons and protons are present in equal numbers (as they are in a normal atom), 
these charges “cancel” each other in terms of their effect on their environment. Thus, 
from the outside, the entire atom appears as if it had no charge whatsoever; it is 
electrically neutral. 

Yet individual electrons can sometimes escape from their atoms and travel else- 
where. Friction, for instance, can cause electrons to be transferred from one material 
into another. As a result, the material with excess electrons becomes negatively 
charged, and the material with a deficit of electrons becomes positively charged 
(since the positive charge of its protons is no longer compensated). The ability of 
electrons to travel also explains the phenomenon of electric current, as we will 
see shortly. 

Some atoms or groups of atoms (molecules) naturally occur with a net charge 
because they contain an imbalanced number of protons and electrons; they are 
called ions. The propensity of an atom or molecule to become an ion — namely, to 
release electrons or accept additional ones — results from peculiarities in the geo- 
metric pattern by which electrons occupy the space around the nuclei. Even electri- 
cally neutral molecules can have a local appearance of charge that results from 

'Almost any introductory physics text will provide examples. For an explanation of the basic concepts of 
electricity, I recommend Paul Hewitt, Conceptual Physics, Tenth Edition (Menlo Park, CA: Addison 
Wesley, 2006). 
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imbalances in the spatial distribution of electrons — that is, electrons favoring one 
side over the other side of the molecule. These electrical phenomena within mol- 
ecules determine most of the physical and chemical properties of all the substances 
we know. 2 

While on the microscopic level, one deals with fundamental units of charge 
(that of a single electron or proton), the practical unit of charge in the context of 
electric power is the coulomb (C). One coulomb corresponds to the charge of 
6.25 x 10 18 protons. Stated the other way around, one proton has a charge 
of 1.6 x 10~ I9 C. One electron has a negative charge of the same magnitude, 
—1.6 x 10 -19 C. In equations, charge is conventionally denoted by the symbol 
Q or q. 



1.1.3 Potential or Voltage 

Because like charges repel and opposite charges attract, charge has a natural ten- 
dency to “spread out.” A local accumulation or deficit of electrons causes a 
certain “discomfort” or “tension”: 3 unless physically restricted, these charges will 
tend to move in such a way as to relieve the local imbalance. In rigorous physical 
terms, the discomfort level is expressed as a level of energy. This energy (strictly, 
electrical potential energy), said to be “held” or “possessed” by a charge, is analo- 
gous to the mechanical potential energy possessed by a massive object when it is 
elevated above the ground: we might say that, by virtue of its height, the object 
has an inherent potential to fall down. A state of lower energy — closer to the 
ground, or farther away from like charges — represents a more “comfortable” 
state, with a smaller potential fall. 

The potential energy held by an object or charge in a particular location can be 
specified in two ways that are physically equivalent: first, it is the work 4 that 
would be required in order to move the object or charge to that location. For 
example, it takes work to lift an object; it also takes work to bring an electron 
near an accumulation of more electrons. Alternatively, the potential energy is the 
work the object or charge would do in order to move from that location, through 
interacting with the objects in its way. For example, a weight suspended by a 
rubber band will stretch the rubber band in order to move downward with the pull 
of gravity (from higher to lower gravitational potential). A charge moving toward 
a more comfortable location might do work by producing heat in the wire 
through which it flows. 

2 For example, water owes its amazing liquidity and density at room temperature to the electrical attraction 
among its neutral molecules that results from each molecule being polarized: casually speaking, the elec- 
trons prefer to hang out near the oxygen atom as opposed to the hydrogen atoms of H 2 0; a chemist would 
say that oxygen has a greater electronegativity than hydrogen. The resulting attraction between these 
polarized ends of molecules is called a hydrogen bond , which is essential to all aspects of our physical life. 

3 The term tension is actually synonymous with voltage or potential, mainly in British usage. 

4 In physics, work is equivalent to and measured in the same units as energy, with the implied sense of 
exerting a force to “push” or “pull” something over some distance (Work = Force x Distance). 
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This notion of work is crucial because, as we will see later, it represents the 
physical basis of transferring and utilizing electrical energy. In order to make 
this “work” a useful and unambiguous measure, some proper definitions are necess- 
ary. The first is to explicitly distinguish the contributions of charge and potential to 
the total amount of work or energy transferred. Clearly, the amount of work in 
either direction (higher or lower potential) depends on the amount of mass or 
charge involved. For example, a heavy weight would stretch a rubber band 
farther, or even break it. Similarly, a greater charge will do more work in order 
to move to a lower potential. 

On the other hand, we also wish to characterize the location proper, independent 
of the object or charge there. Thus, we establish the rigorous definition of the electric 
potential, which is synonymous with voltage (but more formal). The electric poten- 
tial is the potential energy possessed by a charge at the location in question, relative 
to a reference location, divided by the amount of its charge. Casually speaking, we 
might say that the potential represents a measure of how comfortable or uncomfor- 
table it would be for any charge to reside at that location. A potential or voltage can 
be positive or negative. A positive voltage implies that a positive charge would be 
repelled, whereas a negative charge would be attracted to the location; a negative 
voltage implies the opposite. 

Furthermore, we must be careful to specify the “reference” location: namely, the 
place where the object or charge was moved from or to. In the mechanical context, 
we specify the height above ground level. In electricity, we refer to an electrically 
neutral place, real or abstract, with zero or ground potential. Theoretically, one 
might imagine a place where no other charges are present to exert any forces; in 
practice, ground potential is any place where positive and negative charges are 
balanced and their influences cancel. When describing the potential at a single 
location, it is implicitly the potential difference between this and the neutral location. 
However, potential can also be specified as a difference between two locations of 
which neither is neutral, like a difference in height. 

Because electric potential or voltage equals energy per charge, the units of 
voltage are equivalent to units of energy divided by units of charge. These units 
are volts (V). One volt is equivalent to one joule per coulomb, where the joule is 
a standard unit of work or energy. 5 

Note how the notion of a difference always remains implicit in the measurement 
of volts. A statement like “this wire is at a voltage of 100 volts” means “this wire is 
at a voltage of 100 volts relative to ground” or “the voltage difference between the 
wire and the ground is 100 volts.” By contrast, if we say “the battery has a voltage of 
1 .5 volts,” we mean that “the voltage difference between the two terminals of the 
battery is 1.5 volts.” Note that the latter statement does not tell us the potential of 
either terminal in relation to ground, which depends on the type of battery and 
whether it is connected to other batteries. 



5 A joule can be expressed as a watt-second; 1 kilowatt-hour = 3.6 x 10 6 joules, as there are 3600 seconds 

in an hour. 
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In equations, voltage is conventionally denoted by E, e, V, or v (in a rare and 
inelegant instance of using the same letter for both the symbol of the quantity and 
its unit of measurement). 



1.1.4 Ground 

The term ground has a very important and specific meaning in the context of electric 
circuits: it is an electrically neutral place, meaning that it has zero voltage or poten- 
tial, which moreover has the ability to absorb excesses of either positive or negative 
charge and disperse them so as to remain neutral regardless of what might be elec- 
trically connected to it. The literal ground outdoors has this ability because the Earth 
as a whole acts as a vast reservoir of charge and is electrically neutral, and because 
most soils are sufficiently conductive to allow charge to move away from any local 
accumulation. The term earth is synonymous with ground, especially in British 
usage. A circuit “ground" is constructed simply by creating a pathway for charge 
into the earth. In the home, this is often done by attaching a wire to metal water 
pipes. In power systems, ground wires, capable of carrying large currents if necess- 
ary, are specifically dug into the earth. 



1.1.5 Conductivity 

To understand conductivity, we must return to the microscopic view of matter. In 
most materials, electrons are bound to their atoms or molecules by the attraction 
to the protons in the nuclei. We have mentioned how special conditions such as fric- 
tion can cause electrons to escape. In certain materials, some number of electrons are 
always free to travel. As a result, the material is able to conduct electricity. When a 
charge (i.e., an excess or deficit of electrons) is applied to one side of such a conduct- 
ing material, the electrons throughout will realign themselves, spreading out by 
virtue of their mutual repulsion, and thus conduct the charge to the other side. 

For this to happen, an individual electron need not travel very far. We can 
imagine each electron moving a little to the side, giving its neighbor a repulsive 
“shove,” and this shove propagating through the conducting material like a wave 
of falling dominoes. 

The most important conducting materials in our context are metals. The micro- 
scopic structure of metals is such that some electrons are always free to travel 
throughout a fixed lattice of positive ions (the atomic nuclei surrounded by the 
remaining, tightly bound electrons ). 6 While all metals conduct, their conductivity 
varies quantitatively depending on the ease with which electrons can travel, or the 
extent to which their movement tends to be hampered by microscopic forces and 
collisions inside the material. 

6 This property can be understood through the periodic table of the elements, which identifies metals as 
being those types of atoms with one or a few electrons dwelling alone in more distant locations from 
the nucleus (orbitals), from where they are easily removed (ionized) so as to become free electrons. 
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Besides metals, there are other types of material that conduct electricity. One is 
water, or any other fluid, with dissolved ions (such as salt or minerals). In this case, it 
is not electrons but entire charged molecules that travel through the fluid to carry a 
current. Only small concentrations of ions are needed to make water conductive; 
while pure distilled water does not conduct electricity, normal tap water and rain 
water conduct all too well. 7 

Some materials, including air, can also become temporarily conductive through 
ionization. In the presence of a very strong potential gradient (defined as an electric 
field in Section 1.5), or intense heat, some electrons are stripped from their mol- 
ecules and become free to travel. A gas in this state is called a plasma. Plasmas 
exist inside stars, nuclear fusion reactors, or fluorescent lights. More often, 
though, ionization tends to be local and transient: it occurs along a distinct trail, 
since ionized molecules incite their neighbors to do the same, and charge flows 
along this trail until the potential difference (charge imbalance) is neutralized. 
This is precisely what happens in an electric spark across an air gap, an arc 
between power lines, or a lightning bolt. 8 

In many engineering situations, it is important to predict just when ionization 
might occur; namely, how great a potential difference over how short a distance 
will cause “arcing.” For air, this varies according to temperature and especially 
humidity, as well as the presence of other substances like salt suspended in the 
air. Exact figures for the ionizing potential can be found in engineering tables. 
For units of conductivity and the relationship to resistance, see Section 1 .2. 

Finally, some materials can become superconducting, generally at very low 
temperatures. Here, electrons undergo a peculiar energetic transition that allows 
them to travel with extreme ease, unimpeded by any obstructive forces or collisions. 
Thus, electrons in the superconducting state do no work on anything in their path, 
and therefore lose no energy. Some ceramic materials attain superconductivity at 
a temperature easily sustained by cooling with liquid nitrogen (at minus 319°F). 9 
While liquid nitrogen is quite cheap in a research setting, large-scale refrigeration 
systems aimed at taking advantage of superconductivity in electric power appli- 
cations are generally considered too formidable in cost to be justified by the 
savings in electric losses (see Section 1.3). Another conceivable application of 
superconductivity in power systems is superconducting magnetic energy storage 
(SMES). 

1.1.6 Current 

When charge travels through a material, an electric current is said to flow. The 
current is quantified in terms of the number of electrons (or equivalent charge, in 

7 In fact, conductivity is used as an indicator of water purity. Of course, it says nothing about the kind of 
ions present, only the amount. 

8 The ionization trail is visible because, as the electrons return to their normal state, the balance of their 
energy is released in the form of light. 

9 The first such material to be discovered was yttrium-barium-copper oxide, YBa 2 Cu 3 0 7 . 
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the case of ions) moving past a given point in the material in a certain period of time. 
In other words, current is a flow rate of charge. In this way, electric current is ana- 
logous to a flow rate of water (say, in gallons per minute) or natural gas (cubic feet 
per second). 

These analogies are also helpful in remembering the distinction between current 
and voltage. Voltage would be analogous to a height difference (say, between a 
water reservoir and the downhill end of a pipe), or to a pressure difference 
(between two ends of a gas pipeline). Intuitively, voltage is a measure of “how 
badly the stuff wants to get there,” and current is a measure of “how much stuff 
is actually going.” 

Current is conventionally denoted by the symbol I or i and is measured in units of 
amperes (A), often called “amps.” Since current represents a flow rate of charge, the 
units of current are equivalent to units of charge divided by units of time. Thus, one 
ampere equals one coulomb per second. 

A subject that often causes confusion is the “direction” in which current flows, 
though in practice, having an accurate picture of this is not all that important. 
Most often, the reasons one is concerned with current have to do with the amount 
of power transferred or the amount of heating of the wires, neither of which 
depend on direction. 

When in doubt, we can always refer back to the fact that opposite charges attract 
and like charges repel. Thus, a positive charge will be attracted by a negative poten- 
tial, and hence flow toward it, and vice versa: electrons, which have negative charge, 
flow toward a positive potential or voltage. In a mathematical sense, negative charge 
flowing in one direction is equivalent to positive charge flowing the opposite way. 
Indeed, our practical representation of electric current does not distinguish 
between these two physical phenomena. For example, the current flowing through 
a lead-acid battery at various times consists of negative electrons in the terminals 
and wires, and positive ions in the battery fluid; yet these flows are thought of as 
the same current. 

In circuit analysis, it often becomes necessary to define a direction of current 
flow, so as to know when to add and when to subtract currents that meet on a 
section of the circuit. The general convention is to label a current flow as “positive” 
in the direction from positive toward negative potential (as if a positive charge were 
flowing). Once this labeling has been chosen, all currents in the circuit will be com- 
puted as positive or negative so as to be consistent with that requirement (positive 
currents will always point toward lower potential). However, the convention is arbi- 
trary in that one can define the currents throughout an entire circuit “backwards,” 
and obtain just as “correct” a result. In other words, for purposes of calculation, 
the quantity “current” need not indicate the actual physical direction of traveling 
charge. 

In the power systems context, the notion of directionality is more complicated 
(and less revealing) because the physical direction of current flow actually alternates 
(see “Alternating Current” in Section 3.1). Instead, to capture the relationship 
between two currents (whether they add or subtract), the concept of phase, or 
relative timing, is used. 
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As for the speed at which current propagates, it is often said that current travels at 
the speed of light (186,000 miles per second). While this is not quite accurate (just as 
the speed of light actually varies in different materials), it is usually sufficient to 
know that current travels very fast. Conceptually, it is important to recognize that 
what is traveling at this high speed is the pulse or signal of the current, not the indi- 
vidual electrons. For the current to flow, it is also not necessary for all the electrons 
to physically depart at one end and arrive at the other end of the conductor. Rather, 
the electrons inside a metal conductor continually move in a more or less random 
way, wiggling around in different directions at a speed related to the temperature 
of the material. They then receive a “shove” in one direction by the electric field 
(see Section 1.5.2). We can imagine this shove propagating by way of the electrical 
repulsion among electrons: each electron need not travel a long distance, just enough 
to push its neighbor over a bit, which in turn pushes its neighbor, and so on. This 
chain reaction creates a more orderly motion of charge, as opposed to the usual 
random motion, and is observed macroscopically as the current. It is the signal to 
“move over” that propagates at essentially the speed of light. 10 

The question of the propagation speed of electric current only becomes relevant 
when the distance to be covered is so large that the time it takes for a current pulse to 
travel from one point to another is significant compared to other timing parameters 
of the circuit. This can be the case for electric transmission lines that extend over 
many hundreds of miles. 11 However, we will not deal with this problem explicitly 
(see Chapter 7, “Power Flow Analysis,” for how we treat the concept of time in 
power systems). A circuit that is sufficiently small so that the speed of current is 
not an issue is called a lumped circuit. Circuits are treated as lumped circuits 
unless otherwise stated. 



1.2 OHM’S LAW 

It is intuitive that voltage and current would be somehow related. For example, if the 
potential difference between two ends of a wire is increased, we would expect a 
greater current to flow, just like the flow rate of gas through a pipeline increases 
when a greater pressure difference is applied. For most materials, including metallic 
conductors, this relationship between voltage and current is linear: as the potential 
difference between the two ends of the conductor increases, the current through the 
conductor increases proportionally. This statement is expressed in Ohm’s law, 



V — IR 



l0 We can draw an analogy with an ocean wave: the water itself moves essentially up and down, and it is 
the “signal” to move up and down that propagates across the surface, at a speed much faster than the bulk 
motion of water. 

1 'For example, traveling down a 500-mile transmission line at the speed of light takes 2.7 milliseconds. 
Compared to the rate at which alternating current changes direction (60 times per second, or every 16.7 
milliseconds), this corresponds to one-sixth of a cycle, which is not negligible. 
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where V is the voltage, I is the current, and R is the proportionality constant called 
the resistance. 



1.2.1 Resistance 

To say that Ohm’s law is true for a particular conductor is to say that the resistance 
of this conductor is, in fact, constant with respect to current and voltage. Certain 
materials and electronic devices exhibit a nonlinear relationship between current 
and voltage, that is, their resistance varies depending on the voltage applied. The 
relationship V = IR will still hold at any given time, but the value of R will be a 
different one for different values of V and I. These nonlinear devices have special- 
ized applications and will not be discussed in this chapter. Resistance also tends to 
vary with temperature, though a conductor can still obey Ohm’s law at any one 
temperature . 12 For example, the resistance of a copper wire increases as it heats 
up. In most operating regimes, these variations are negligible. Generally, in any situ- 
ation where changes in resistance are significant, this is explicitly mentioned. Thus, 
whenever one encounters the term “resistance” without further elaboration, it is safe 
to assume that within the given context, this resistance is a fixed, unchanging 
property of the object in question. 

Resistance depends on an object’s material composition as well as its shape. For a 
wire, resistance increases with length, and decreases with cross-sectional area. 
Again, the analogy to a gas or water pipe is handy: we know that a pipe will 
allow a higher flow rate for the same pressure difference if it has a greater diameter, 
while the flow rate will decrease with the length of the pipe. This is due to friction in 
the pipe, and in fact, an analogous “friction” occurs when an electric current travels 
through a material. 

This friction can be explained by referring to the microscopic movement of elec- 
trons or ions, and noting that they interact or collide with other particles in the 
material as they go. The resulting forces tend to impede the movement of the 
charge carriers and in effect limit the rate at which they pass. These forces vary 
for different materials because of the different spatial arrangements of electrons 
and nuclei, and they determine the material’s ability to conduct. 

This intrinsic material property, independent of size or shape, is called resistivity 
and is denoted by p (the Greek lowercase rho). The actual resistance of an object is 
given by the resistivity multiplied by the length of the object (/) and divided by its 
cross-sectional area (A): 




The units of resistance are ohms , abbreviated O (Greek capital omega). By rearrang- 
ing Ohm’s law, we see that resistance equals voltage divided by current. Units of 

l2 If we graph V versus I. Ohm's law requires that the graph be a straight line. With temperature, the slope 
of this line may change. 
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resistance are thus equivalent to units of voltage divided by units of current. By 
definition, one ohm equals one volt per ampere (fl = V / A). 

The units of resistivity are ohm-meters (fl-m), which can be reconstructed 
through the preceding formula: when ohm-meters are multiplied by meters (for l) 
and divided by square meters (for A), the result is simply ohms. Resistivity, 
which is an intrinsic property of a material, is not to be confused with the resistance 
per unit length (usually of a wire), quoted in units of ohms per meter (11/m). The 
latter measure already takes into account the wire diameter; it represents, in 
effect, the quantity p /A. The resistivities of different materials in fl-m can be 
found in engineering tables. 



1.2.2 Conductance 

It is sometimes convenient to refer to the resistive property of a material or object in 
the inverse, as conductivity or conductance. Conductivity is the inverse of resistivity 
and is denoted by u (Greek lowercase sigma): cr = 1/p. For the case of a simple 
resistor, conductance is the reciprocal of resistance and is usually denoted by G 
(sometimes g ), where G= 1 /R. 13 Not without humor, the units of conductance 
are called mhos, and 1 mho = I/O. Another name for the mho is the siemens (S); 
they are identical units. The conductance is related to the conductivity by 

crA 
G = — 



and the units of cr are thus mhos/m. 

For the special case of an insulator, the conductance is zero and the resistance is 
infinite. For the special case of a superconductor, the resistance is zero and the con- 
ductance is, theoretically, infinite (a truly infinite conductance would imply an infi- 
nitely large current, which does not actually occur since its magnitude is eventually 
constrained by the number of electrons available). 

Example 

Consider two power extension cords, one with twice the wire diameter of the 
other. If the cords are of the same length and same material, how do their 
resistances compare ? 

Since resistance is inversely proportional to area, the smaller wire will have 
four times the resistance. We can see this through the formula R=pl/A, 
where p and / are the same for both. Thus, using the subscripts 1 and 2 to refer 
to the two cords, we can write R\/R 2 = A 2 /A , . The areas are given by the fam- 
iliar geometry formula, A = 'n(d/2) 2 (where tt = 3.1415. . .), which includes the 
square of the diameter or radius. If the length of either cord were doubled, its 
resistance would also double. 

13 See Section 3.2.4 for the complex case that includes both resistance and reactance. 
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To put some numbers to this example, consider a typical 25-ft, 16-gauge 
extension cord, made of a copper conductor. The cross-sectional area of 
16-gauge wire is 1.31 mnr 2 (or 1.31 x 10 -8 m 2 ) and the resistivity of copper is 
p = 1.76 x 10 -8 ft-m. The resistance per unit length of 16-gauge copper wire 
is 0.0134 (1/m. and a 25-ft length of it has a resistance of 0.102 ft. By contrast, 
a 10-gauge copper wire of the same length, which has about twice the diameter, 
has a resistance of only 0.025 ft. 

Suppose the current in the 25-ft, 16-gauge cord is 5 A. What is the voltage 
difference between the two ends of each conductor ? 

The voltage drop in the wire is given by Ohm’s law, V = 1R. Thus, 
V = 5 A -0.102 ft = 0.51 V. Because the voltage drop applies to each of the 
two conductors in the cord, this means that the line voltage, or difference 
between the two sides of the electrical outlet, will be diminished by about 
one volt (say, from 120 to 119 V), as seen by the appliance at the end. 

1.2.3 Insulation 

Insulating materials are used in electric devices to keep current from flowing where 
it is not desired. They are simply materials with a sufficiently high resistance (or suf- 
ficiently low conductance), also known as dielectric materials. Typically, plastics or 
ceramics are used. When an insulator is functional, its resistance is infinite, or the 
conductance zero, so that zero current flows through it. 

Any insulator has a specific voltage regime within which it can be expected to 
perform. If the voltage difference between two sides of the insulator becomes too 
large, its insulating properties may break down due to microscopic changes in the 
material, where it actually becomes conducting. Generally, the thicker the insulator, 
the higher the voltage difference it can sustain. However, temperature can also be 
important; for example, plastic wire insulation may melt if the wire becomes too hot. 

The insulators often seen on high-voltage equipment consist of strings of ceramic 
bells, holding the energized wires away from other components (e.g., transmission 
towers or transformers). The shape of these bells serves to inhibit the formation of 
arcs along their surface. The number of bells is roughly proportional to the voltage 
level, though it also depends on climate. For example, the presence of salt water dro- 
plets in coastal air encourages ionization and therefore requires more insulation to 
prevent arcing. 



1.3 CIRCUIT FUNDAMENTALS 
1.3.1 Static Charge 

A current can only flow as long as a potential difference is sustained; in other words, 
the flowing charge must be replenished. Therefore, some currents have a very short 
duration. For example, a lightning bolt lasts only a fraction of a second, until the 
charge imbalance between the clouds and the ground is neutralized. 
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When charge accumulates in one place, it is called static charge, because it is not 
moving. The reason charge remains static is that it lacks a conducting pathway that 
enables it to flow toward its opposite charge. When we receive a shock from static 
electricity — for example, by touching a doorknob — our body is providing just such a 
pathway. In this example, our body is charged through friction, often on a synthetic 
carpet, and this charge returns to the ground via the doorknob (the carpet only gives 
off electrons by rubbing, but does not allow them to flow back). As our fingers 
approach the doorknob, the air in between is actually ionized momentarily, produ- 
cing a tiny arc that causes the painful sensation . 14 Static electricity occurs mostly in 
dry weather, since moisture on the surface of objects makes them sufficiently con- 
ductive to prevent accumulations of charge. 

However startling and uncomfortable, static electricity encountered in everyday 
situations is harmless because the amount of charge available is so small , 15 and it is 
not being replenished. This is true despite the fact that very high voltages can be 
involved (recall that voltage is energy per charge), but these voltages drop instan- 
taneously as soon as the contact is made. 



1.3.2 Electric Circuits 

In order to produce a sustained flow of current, the potential difference must be 
maintained. This is achieved by providing a pathway to “recycle” charge to its 
origin, and a mechanism (called an electromotive force, or emf 6 ) that compels 
the charge to return to the less “comfortable” potential. Such a setup constitutes 
an electric circuit. 

A simple example is a battery connected with two wires to a light bulb. The 
chemical forces inside the battery do work on the charge to move it to the terminals, 
where an electric potential is produced and sustained. Specifically, electrons are 
moved to the negative terminal, and positive ions are moved to the positive elec- 
trode, where they produce a deficit of electrons in the positive battery terminal. 
The wires then provide a path for electrons to flow from the negative to the positive 
terminal. Because the positive potential is so attractive, these electrons even do work 
by flowing through the resistive light bulb, causing it to heat up and glow. As soon as 
the electrons arrive at the positive terminal, they are “lifted” again to the negative 
potential, allowing the current to continue flowing. In analogy with flowing water, 
the wires are like pipes that carry water downhill, and the battery is like a pump 
that returns the water to the uphill end of the circuit. 

14 Charge will accumulate more densely in the point, being attracted to the opposite charge across the gap. 
The charge density in turn affects the gradient of the electric potential across the gap, which is what causes 
the ionization. Therefore, approaching the doorknob with a flat hand can prevent the formation of an arc, 
and charge will simply flow (unnoticeably) after the contact has been made. This is also why lightning 
arresters work: a particularly pointed object like a metal rod will "attract” an electric arc toward its 
high charge density. By the same token, lightning tends to strike tall trees and transmission towers. 
l5 The same is not true of electrical equipment that has been specifically designed to hold a very large 
amount of static charge ! 

l6 Unrelated to the EMF that stands for “Electromagnetic Fields.” 
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When the wires are connected to form a complete loop, they make a closed 
circuit. If the wire were cut, this would create an open circuit, and the current 
would cease to flow. In practice, circuits are opened and closed by means of switches 
that make and break electrical contacts. 

1.3.3 Voltage Drop 

In describing circuits, it is often desirable to specify the voltage at particular points 
along the way. The difference in voltage between two points in a circuit is referred to 
as the voltage drop across the wire or other component in between. As in Ohm’s law, 
V = IR, this voltage drop is proportional to the current flowing through the 
component, multiplied by its resistance. 

As in the analogy of water pipes running downhill, the voltage drops continu- 
ously throughout a circuit, from one terminal of the emf to the other. However, 
just like the slope of the pipes may change, the voltage does not necessarily drop 
at a steady rate. Rather, depending on the resistance of a given circuit component, 
the voltage drop across it will be more or less: a component with high resistance 
will sustain a greater voltage drop, whereas a component with low resistance such 
as a conducting wire will have a smaller voltage drop across it, perhaps so small 
as to be negligible in a given context. For small circuits, it is often reasonable to 
assume that the wire’s resistance is zero, and that therefore the voltage is the 
same all the way along the wire. In power systems, however, where transmission 
and distribution lines cover long distances, the voltage drop across them is signifi- 
cant and indeed accounts for some important aspects of how these systems function. 

Importantly (and in contrast to the water analogy), the magnitude of the current 
also determines the voltage drop (along with resistance). For example, at times of 
high electric demand and thus high current flow, the voltage drop along transmission 
and distribution lines is greater; that is, the voltage drops more rapidly with distance. 
If this condition cannot be compensated for by other adjustments in the system (see 
Section 6.7), customers experience lower voltage levels associated with dimmer 
lights and impaired equipment performance, known as “brownouts.” Similarly, if 
a piece of heavy power equipment is connected through a long extension cord 
with too high a resistance, the voltage drop along this cord can result in damage 
to the motor from excessively low voltage at the far end. 

1.3.4 Electric Shock 

Any situation where a high voltage is sustained by an electromotive force (or a very 
large accumulation of charge) constitutes a shock hazard. Our bodies are not notice- 
ably affected by being “charged up,” or raised to a potential above ground, just as 
birds can sit on a single power line. Rather, harm is done when a current flows 
through our body. A current as small as a few milliamperes across the human 
heart can be lethal. 17 For current to flow through an object, there must be a 

i7 A saying goes, “It’s the volts that jolts, and the mils that kills.” 
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voltage drop across it. In other words, our body must be simultaneously in contact 
with two sources of different potential — for example, a power line and the ground. 

Though it is the current that causes biological damage. Ohm’s law indicates that 
shock hazard is roughly proportional to the voltage encountered. However, the 
resistance is also important. On an electrical path through the human body, the great- 
est resistance is on the surface of the skin and clothing, while our interior conducts 
very well. Thus, the severity of a shock received from a particular voltage can vary, 
depending on how sweaty one’s palms are, or what type of shoes one is wearing. 

The physical principles of electric current can be applied to suggest a number of 
practical precautions for reducing electric-shock hazards. For example, when touch- 
ing an object at a single high voltage, we are safe as long as we are insulated from the 
ground. A wooden ladder might serve this purpose at home, while utility linemen 
often work on “hot” equipment out of raised plastic “buckets.” Linemen can also 
insulate themselves from the high-voltage source by wearing special rubber 
gloves, which are commonly used for work on up to 12 kilovolts. The important 
thing is to know the capability of the insulator in relation to the voltage encountered. 

A different safety measure often used by electricians when touching a question- 
able component (such as a wire that might be energized) is to make contact with 
ground potential with the same hand, for example by touching the little finger to 
the wall. In this way, a path of low resistance is created through the hand, which 
will greatly reduce the current flowing through the rest of the body and especially 
across the heart. Though the hand might be injured (improbable at household 
voltage), such a shock is far less likely to be lethal. 

Around high-voltage equipment, in order to avoid the possibility of touching two 
objects at different potentials with a current pathway across the heart, a common 
practice is to “keep one hand in your pockets.” Near very high potentials, where 
the concern is not just about touching equipment, but even drawing an arc across 
the air, the advice is to “keep both hands in your pockets” so as to avoid creating 
a point with high charge density to attract an arc. 

Finally, another factor to consider is the muscular contraction that often occurs in 
response to an electric shock. Thus, a potentially energized wire is better touched 
with the back of the hand, so as to prevent involuntary closing of the hand around it. 

If a person is in contact with an energized source, similar precautions should be 
exercised in removing them, lest there be additional casualties. If available, a device 
like a wooden stick would be ideal; in the worst case, kicking is preferable to 
grabbing. 



1.4 RESISTIVE HEATING 

Whenever an electric current flows through a material that has some resistance (i.e., 
anything but a superconductor), it creates heat. This resistive heating is the result of 
“friction,” as created by microscopic phenomena such as retarding forces and col- 
lisions involving the charge carriers (usually electrons); in formal terminology, 
the heat corresponds to the work done by the charge carriers in order to travel to 
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a lower potential. This heat generation may be intended by design, as in any heating 
appliance (for example, a toaster, an electric space heater, or an electric blanket). 
Such an appliance essentially consists of a conductor whose resistance is chosen 
so as to produce the desired amount of resistive heating. In other cases, resistive 
heating may be undesirable. Power lines are a classic example. For one, their 
purpose is to transmit energy, not to dissipate it; the energy converted to heat 
along the way is, in effect, lost (thus the term resistive losses). Furthermore, resistive 
heating of transmission and distribution lines is undesirable, since it causes thermal 
expansion of the conductors, making them sag. In extreme cases such as fault con- 
ditions, resistive heating can literally melt the wires. 



1.4.1 Calculating Resistive Heating 

There are two simple formulas for calculating the amount of heat dissipated in a 
resistor (i.e., any object with some resistance). This heat is measured in terms of 
power, which corresponds to energy per unit time. Thus, we are calculating a rate 
at which energy is being converted into heat inside a conductor. The first formula is 

P = IV 

where P is the power, I is the current through the resistor, and V is the voltage drop 
across the resistor. 

Power is measured in units of watts (W), which correspond to amperes x volts. 
Thus, a current of one ampere flowing through a resistor across a voltage drop of one 
volt produces one watt of heat. Units of watts can also be expressed as joules per 
second. To conceptualize the magnitude of a watt, it helps to consider the heat 
created by a 100-watt light bulb, or a 1000-watt space heater. 

The relationship P = IV makes sense if we recall that voltage is a measure of 
energy per unit charge, while the current is the flow rate of charge. The product 
of current and voltage therefore tells us how many electrons are “passing 
through,’’ multiplied by the amount of energy each electron loses in the form of 
heat as it goes, giving an overall rate of heat production. We can write this as 

Charge Energy Energy 

Time Charge Time 

and see that, with the charge canceling out, units of current multiplied by units of 
voltage indeed give us units of power. 

The second formula for calculating resistive heating is 

P — I 2 R 

where P is the power, I is the current, and R is the resistance. This equation could be 
derived from the first one by substituting / ■ R for V (according to Ohm’s law). As we 
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discuss in Section 3.1, this second formula is more frequently used in practice to cal- 
culate resistive heating, whereas the first formula has other, more general 
applications. 

As we might infer from the equation, the units of watts also correspond to 
amperes 2 • ohms (A 2 • 12). Thus, a current of one ampere flowing through a wire 
with one ohm resistance would heat this wire at a rate of one watt. Because the 
current is squared in the equation, two amperes through the same wire would heat 
it at a rate of 4 watts, and so on. 

Example 

A toaster oven draws a current of 6 A at a voltage of 120 V. It dissipates 720 W in 

the form of heat. We can see this in two ways: First, using P = IV, 

120 V • 6 A = 720 W. Alternatively, we could use the resistance, which is 

20 O (20 a ■ 6 A = 120 V), and write P = I 2 R: (6 A) 2 • 20 12 = 720 W. 

It is important to distinguish carefully how power depends on resistance, current, 
and voltage, since these are all interdependent. Obviously, the power dissipated will 
increase with increasing voltage and with increasing current. From the formula 
P = I 2 R, we might also expect power to increase with increasing resistance, assum- 
ing that the current remains constant. Flowever, it may be incorrect to assume that 
we can vary resistance without varying the current. 

Specifically, in many situations it is the voltage that remains (approximately) 
constant. For example, the voltage at a customer’s wall outlet ideally remains at 
120 V, regardless of how much power is consumed. 18 The resistance is determined 
by the physical properties of the appliance: its intrinsic design, and, if applicable, a 
power setting (such as “high” or “low”). Given the standard voltage, then, the resist- 
ance determines the amount of current “drawn” by the appliance according to Ohm’s 
law: higher resistance means lower current, and vice versa. In fact, resistance and 
current are inversely proportional in this case: if one doubles, the other is halved. 

What, then, is the effect of resistance on power consumption? The key here is that 
resistive heating depends on the square of the current, meaning that the power is 
more sensitive to changes in current than resistance. Therefore, at constant 
voltage, the effect of a change in current outweighs the effect of the corresponding 
change in resistance. For example, decreasing the resistance (which, in and of itself, 
would tend to decrease resistive heating) causes the current to increase, which 
increases resistive heating by a greater factor. Thus, at constant voltage, the net 
effect of decreasing resistance is to increase power consumption. An appliance 
that draws more power has a lower internal resistance. 

For an intuitive example, consider the extreme case of a short circuit, caused by 
an effectively zero resistance (usually unintentional). Suppose a thick metal bar were 

ls This is generally true because (a) changes in power consumption from an individual appliance are small 
compared to the total power supplied to the area by the utility, and (b) the utility takes active steps to regu- 
late the voltage (see Section 6.6). Dramatic changes in demand do cause changes in voltage, but for the 
present discussion, it is more instructive to ignore these phenomena and treat voltage as a fixed quantity. 
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placed across the terminals of a car battery. A very large current would flow, the 
metal would become very hot, and the battery would be drawn down very 
rapidly. If a similar experiment were performed on a wall outlet by sticking, say, 
a fork into it, the high current would hopefully be interrupted by the circuit 
breaker before either the fork or the wires melted (DO NOT actually try this!). 
The other extreme case is simply an open circuit, where the two terminals are sep- 
arate and the resistance of the air between them is infinite: here the current and the 
power consumption are obviously zero. 

Example 

Consider two incandescent light bulbs, with resistances of 240 fl and 480 fl. 
How much power do they each draw when connected to a 120 V outlet? 

First we must compute the current through each bulb, using Ohm’s law: 
Substituting V = 120 V and R, = 240 A into V = IR, we obtain f = 0.5 A. 
For R 2 = 480 fl, we get I 2 = 0.25 A. 

Now we can use these values for I and R in the power formula, P = I 2 R, which 
yields If = (0.5 A) 2 ■ 240 fl = 60 W and P 2 = (0.25 A) 2 ■ 480 fl = 30 W. 

We see that at constant voltage, the bulb with twice the resistance draws half 
the power. 

There are other situations, however, where the current rather than the voltage is 
constant. Transmission and distribution lines are an important case. Here, the 
reasoning suggested earlier does in fact apply, and resistive heating is directly pro- 
portional to resistance. The important difference between power lines and appli- 
ances is that for power lines, the current is unaffected by the resistance of the line 
itself, being determined instead by the load or power consumption at the end of 
the line (this is because the resistance of the line itself is very small and insignificant 
compared to that of the appliances at the end, so that any reasonable change in the 
resistance of the line will have a negligible effect on the overall resistance, and thus 
the current flowing through it). However, the voltage drop along the line (i.e., the 
difference in voltage between its endpoints, not to be confused with the line 
voltage relative to ground) is unconstrained and varies depending on current and 
the line’s resistance. Thus, Ohm’s law still holds, but it is now I that is fixed and 
V and R that vary. Applying the formula P = I 2 R for resistive heating with the 
current held constant, we see that doubling the resistance of the power line will 
double resistive losses. Since in practice it is desirable to minimize resistive 
losses on power transmission and distribution lines, these conductors are chosen 
with the minimal resistance that is practically and economically feasible. 



1.4.2 Transmission Voltage and Resistive Losses 

Resistive losses are the reason why increasingly high voltage levels are chosen for 
power transmission lines. Recalling the relationship P = IV, the amount of power 
transmitted by a line is given by the product of the current flowing through it and 
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its voltage level (as measured either with respect to ground or between two lines or 
phases of one circuit). Given that a certain quantity of power is demanded, there is a 
choice as to what combination of I and V will constitute this power. A higher voltage 
level implies that in order to transmit the same amount of power, less current needs 
to flow. Since resistive heating is related to the square of the current, it is highly ben- 
eficial from the standpoint of line losses to reduce the current by increasing the 
voltage. 

Before power transformers were available, transmission voltages were limited to 
levels that were considered safe for customers. Thus, high currents were required, 
causing so much resistive heating that it posed a significant constraint to the expan- 
sion of power transmission. With increasing power carried at a given voltage, 
an increasing fraction of the total power is lost on the lines, making transmission 
uneconomical at some point. The increase in losses can be counteracted by reducing 
the resistance of the conductors, but only at the expense of making them thicker and 
heavier. A century ago, Thomas Edison found the practical limit for trans- 
mitting electricity at the level of a few hundred volts to be only a few miles. 

With the help of transformers that allow essentially arbitrary voltage conversion 
(see Section 6.3), transmission voltage levels have grown steadily in conjunction 
with the geographic expansion of electric power systems, up to about 1000 kilovolts 
(kV), and with the most common voltages around 100-500 kV. The main factor 
offsetting the economic benefits of very high voltage is the increased cost and 
engineering challenge of safe and effective insulation. 



1.5 ELECTRIC AND MAGNETIC FIELDS 
1.5.1 The Field as a Concept 

The notion of a field is an abstraction initially developed in physics to explain how 
tangible objects exert forces on each other at a distance, by invisible means. Articu- 
lating and quantifying a “field” particularly helps to analyze situations where an 
object experiences forces of various strengths and directions, depending on its 
location. Rather than referring to other objects associated with “causing” such 
forces, it is usually more convenient to just map their hypothetical effects across 
space. Such a map is then considered to describe properties of the space, even in 
the absence of an actual object placed within it to experience the results, and this 
map represents the field. 

For example, consider gravity. We know that our body is experiencing a force 
downward because of the gravitational attraction between it and the Earth. This 
gravitational force depends on the respective masses of our bodies and the Earth, 
but it also depends on our location: astronauts traveling into space feel less and 
less of a pull toward the Earth as they get farther away. Indeed, though the effect 
is small, we are even slightly “lighter” on a tall mountain or in an airplane at 
high altitude. If we were interested in extremely accurate measurements of 
gravity (for example, to calculate the exact flight path of a ballistic missile), we 
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could construct a map of a “gravitational field” encompassing the entire atmosphere, 
which would indicate the strength of gravity at any point. This field is caused by the 
Earth, but does not explicitly refer to the Earth as a mass; rather, it represents in 
abstract terms the effect of the Earth’s presence. The field also does not refer to 
any object (such as an astronaut) that it may influence, though such an object’s 
mass would need to be taken into account in order to calculate the actual force on 
it. Thus, the gravitational field is a way of mapping the influence of the Earth’s 
gravity throughout a region of space. 

An alternative interpretation is to consider the field as a physical entity in its own 
right, even though it has no substance of its own. Here we would call gravity a prop- 
erty of the space itself, rather than a map telling us about objects such as the Earth in 
space. Indeed, the field itself can be considered a “thing” rather than a map, because 
it represents potential energy distributed over space. We know of the presence of this 
potential energy because it does physical work on objects: for example, a massive 
object within the field is accelerated, and in that moment, the energy becomes obser- 
vable. With this in mind, we can understand the field as the answer to the question. 
Where does the potential energy reside while we are not observing it? 

This notion of the field as a physical entity is a fairly recent one. Whereas classical 
physics relied on the notion of action-at-a-distance, in which only tangible objects 
figured as “actors,” the study of very large and very small things in the 20th 
century has forced us to give up referring to entities that we can touch or readily visu- 
alize when talking about how the world works. Instead, modern physics has cultivated 
more ambiguity and caution in declaring the “reality” of physical phenomena, recog- 
nizing that what is accessible to our human perception is perhaps not a definitive stan- 
dard for what “exists.” Even what once seemed like the most absolute, immutable 
entities — mass, distance, and time — were proved ultimately changeable and intract- 
able to our intuition by relativity theory and quantum mechanics. 

Based on these insights, we might conclude that any quantities we choose to 
define and measure are in some sense arbitrary patterns superimposed on the vast 
web of energy and movement that constitutes reality, for the purpose of helping 
us apprehend this reality with our thoughts. In this sense, we are no more justified 
in considering a planet a “thing that really exists” than we are a gravitational 
field. What we really care about as scientists, though, is how useful such a concep- 
tual pattern might be for describing the world in concise terms and making predic- 
tions about how things will behave. By this standard, the notion of a “field” does 
wonders. Physicists and engineers are therefore accustomed to regarding fields, 
however devoid of substance, as real, manipulable, and legitimate physical entities 
just like tangible objects. In any case, the reader should rest assured that it is quite all 
right to simply accept the “field” as a strange instrument of analysis that grows more 
palatable with familiarity. 

1.5.2 Electric Fields 

In Section 1.1, we characterized the electric potential as a property of the location at 
which a charge might find itself. A map of the electric potential would indicate how 
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much potential energy would be possessed by a charge located at any given point. 
The electric field is a similar map, but rather of the electric force (such as attraction 
or repulsion) that would be experienced by that charge at any location. This force is 
the result of potential differences between locations: the more dramatically the 
potential varies from one point to the next, the greater the force would be on an elec- 
tric charge in between these points. In formal terms, the electric field represents the 
potential gradient. 

Consider the electric field created by a single positive charge, just sitting in space. 
Another positive charge in its vicinity would experience a repulsive force. This 
repulsive force would increase as the two charges were positioned closer together, 
or decrease as they moved father apart; specifically, the electric force drops off at 
a rate proportional to the square of the distance. This situation can be represented 
graphically by drawing straight arrows radially outward from the first charge, as 
in Figure 1.1a. Such arrows are referred to as field lines. Their direction indicates 
the direction that a “test charge,” such as the hypothetical second charge that was 
introduced, would be pushed or pulled (in this case, straight away). The strength 




(b) 

Figure 1.1 Electric field of (a) a single charge and (b) two opposite charges. 
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of the force is indicated by the proximity of field lines: the force is stronger where 
the lines are closer together. 

This field also indicates what would happen to a negative charge: At any point, it 
would experience a force of equal strength (assuming equal magnitude of charge), 
but opposite direction as the positive test charge, since it would be attracted 
rather than repelled. Thus, a negative test charge would also move along the field 
lines, only backwards. By convention, the direction of the electric field lines is 
drawn so as to represent the movement of a positive test charge. 

For a slightly more complex situation, consider the electric field created by a 
positive and a negative charge, sitting at a fixed distance from each other. We can 
map the field conceptually by asking, for any location, “What force would 
be acting on a (positive) test charge if it were placed here?’’ Each time, the net 
force on the test charge would be a combination of one attractive force and one 
repulsive force, in different directions and at different strengths depending on the 
distance from the respective fixed charges. Graphically, we can construct an 
image of the field by drawing an arrow in the direction that the charge would be 
pulled. The arrows for points along the charge’s hypothetical path then combine 
into continuous field lines. Again, these field lines will be spaced more closely 
where the force is stronger. This exercise generates the picture in Figure 1.1b. 

1.5.3 Magnetic Fields 

The pattern of the electric field in Figure 1 . 1 may be reminiscent to some readers of 
the pattern that many of us produced once upon a time in science class by sprinkling 
iron filings on a sheet of paper over a bar magnet. The two phenomena, electric and 
magnetic forces, are indeed closely linked manifestations of a common underlying 
physics. 

As we know from direct tactile experience, magnets exert force on each other: 
opposite poles attract, and like poles repel. This is somewhat analogous to the 
fact that opposite electric charges attract and like charges repel. But, unlike a posi- 
tive or negative electric charge, a magnetic pole cannot travel individually. There is 
no such thing as an individual north or south pole (a “monopole” in scientific terms, 
which has never been found). Every magnet has a north and a south pole. Thus, 
unlike electric field lines that indicate the direction of movement of an individual 
test charge, magnetic field lines indicate the orientation of a test magnet. The iron 
filings in the familiar experiment — which become little test magnets since they 
are magnetized in the presence of the bar magnet — do not move toward one pole 
or the other, but rotate and align themselves with the direction of the field lines. 

It is important to emphasize that, despite the similar shape of field lines, magnetic 
poles are not analogous to single electric charges sitting in space. Rather than think- 
ing of magnetism as existing in the form of “stuff’ like electric charge (which could 
conceivably be decomposed into its “north” and “south” constituents), it is more 
appropriate to think of magnetism as an expression of directionality, where north 
is meaningless without south. If you cut a magnet in half, you get two smaller 
magnets that still each have a north and a south pole. 
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If we pursued such a division of magnets again and again, down to the level of the 
smallest particles, we would find that even individual electrons or protons appear as 
tiny magnets. In ordinary materials, the orientation of all these microscopic magnets 
varies randomly throughout space, and they therefore do not produce observable 
magnetic properties at the macroscopic level. It is only in magnetized materials 
that the direction of these myriad tiny magnets becomes aligned, allowing their mag- 
netic fields to combine to become externally noticeable. This alignment stems from 
the force magnets exert on each other, and their resulting tendency to position them- 
selves with their north poles all pointing in the same direction. Some substances like 
magnetite occur naturally with a permanent alignment, making the familiar magnets 
that adhere to refrigerators and other things. Other materials like iron and steel can 
be temporarily magnetized in the presence of a sufficiently strong external magnetic 
field (this is what happens to the refrigerator door underneath the magnet), with the 
particles returning to their disordered state after the external field is withdrawn. 

The magnetic property of microscopic particles is due to their electric charge and 
their intrinsic motion, which brings us to the fundamental connection between elec- 
tricity and magnetism. Indeed, we can think of magnetism as nothing but a manifes- 
tation of directionality associated with electric charge in motion, whereby moving 
charges always exert a specific directional force on other moving charges. At the 
level of individual electrons, their motion consists of both an orbital movement 
around the atom’s nucleus and an intrinsic spin, which we can visualize as if the par- 
ticle were spinning like a top. 19 Both of these rotational motions combine to form 
what is referred to as a magnetic moment. Similarly, the protons inside atomic 
nuclei possess a magnetic moment due to their intrinsic spin. 20 

Knowing this, it would stand to reason that a large amount of moving charge such 
as a measurable electric current should produce a magnetic field as well. This 
phenomenon was in fact discovered in 1820, when Hans Christian Oersted observed 
that a compass needle was deflected by an electric current through a nearby wire. 
The magnetic field produced by an electric current points at a right angle to the 
flow of charge, in a direction specified by the “right-hand rule” illustrated in 
Figure 1.2. If the thumb of one’s right hand is pointing in the direction of the 
current, then the curled fingers of the same hand indicate the direction of the mag- 
netic field. Thus, the magnetic field lines surround the wire in a circular manner. 

In order to make practical use of this phenomenon, we can alter the shape of the 
current-carrying wire by winding it into a coil, which brings many turns of wire 
closely together so that their magnetic fields will add to form a “straight” field in 
the center of the coil that is comparable to that of a bar magnet (an illustration of 
such a coil and its magnetic field is shown in Figure 3.4). This arrangement can 
be thought of as “concentrating” the magnetic field in space. 



19 Such a mechanistic representation is not quite accurate in terms of quantum mechanics, but it is none- 
theless useful for constructing some intuitive picture. 

20 This effect is quite subtle and not important in our context, but is exploited in such technologies as 
Magnetic Resonance Imaging (MRI) for medical diagnostic purposes, which discriminates among 
tissues of different water content by way of the magnetic properties of the hydrogen nucleus. 
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Magnetic field 

Figure 1.2 Magnetic field around a current-carrying wire. 



Magnetic effects are essential for the generation and conversion of electric 
power. In order to successfully navigate the literature on these applications, it is 
important to be aware of a distinction between two types of quantities: one is 
called the magnetic field and the other magnetic flux. Despite the earlier caution, 
it is at times helpful (and indeed consistent with the Latin translation) to think of 
the flux as the directional “flow” of something, however immaterial, created in 
turn by the flow of electric current. Conceptually as well as mathematically, the 
flux is a very convenient quantity for analyzing electrical machines, while the mag- 
netic field is particularly useful for describing the basic principles of electromag- 
netic induction in simplified settings. 

Conventionally, the magnetic field is denoted by the symbol B and measured in 
units of tesla (T) or gauss (G). One tesla, which equals 10,000 or 10 4 gauss, corre- 
sponds to one newton (N) (a measure of force) per ampere (current) per meter: 
1 T = 1 N/A-m. Magnetic flux is denoted by 4> (the Greek phi) and is measured 
in units of weber (Wb). One tesla equals one weber per square meter. 

From this relationship between the units of flux and field, we can see that the 
magnetic field corresponds to the density or concentration in space of the magnetic 
flux. The magnetic field represents magnetic flux per unit area. Stated in reverse, 
magnetic flux represents a measure of the magnetic field multiplied by the area 
that it intersects. 

Unless “concentrated” by a coil, the magnetic field associated with typical cur- 
rents is not very strong. For example, a current of 1 ampere produces a magnetic 
field of 2 x 10” 7 T or 0.002 G (2 milligauss) at a distance of 1 meter. By compari- 
son, the strength of the Earth’s magnetic field is on the order of half a gauss. 21 

21 The exact value of the Earth's magnetic field depends on geographic location, and it is less if only the 
horizontal component (to which a compass needle responds) is measured. 
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1.5.4 Electromagnetic Induction 

While electric current creates a magnetic field, the reverse effect also exists: mag- 
netic fields, in turn, can influence electric charges and cause electric currents to 
flow. However, there is an important twist: the magnetic field must be changing 
in order to have any effect. A static magnetic field, such as a bar magnet, will not 
cause any motion of nearby charge. Yet if there is any relative motion between 
the charge and the magnetic field — for example, because either the magnet or the 
wire is being moved, or because the strength of the magnet itself is changing — 
then a force will be exerted on the charge, causing it to move. This force is called 
an electromotive force ( emf) which, just like an ordinary electric field, is distin- 
guished by its property of accelerating electric charges. 

The most elementary case of the electromotive force involves a single charged 
particle traveling through a magnetic field, at a right angle to the field lines (the 
direction along which iron filings would line up). This charge experiences a force 
again at right angles to both the field and its velocity, the direction of which (up 
or down) depends on the sign of the charge (positive or negative) and can be speci- 
fied in terms of another right-hand rule, as illustrated in Figure 1.3. 

This effect can be expressed concisely in mathematical terms of a cross product 
of vector quantities (i.e., quantities with a directionality in space, represented in 
boldface), in what is known as the Lorentz equation, 

F = gv x B 

where F denotes the force, q the particle’s charge, v its velocity, and B the magnetic 
field. In the case where the angle between v and B is 90° (i.e., the charge travels at 
right angles to the direction of the field) the magnitude or numerical result for F is 
simply the arithmetic product of the three quantities. This is the maximum force 
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Figure 1.3 Right-hand rule for the force on a charge. 
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possible: as the term cross product suggests, the charge has to move across the field 
in order to experience the effect. The more v and B are at right angles to each other, 
the greater the force; the more closely aligned v and B are, the smaller the force. If v 
and B are parallel — that is, the charge is traveling along the magnetic field lines 
rather than across them — the force on the charge is zero. 

Figure 1.3 illustrates a typical application of this relationship. The charges q 
reside inside a wire, being moved as a whole so that each of the microscopic 
charges inside has a velocity v in the direction of the wire’s motion. If we align 
our right hand with that direction v and then curl our fingers in the direction of 
the magnetic field B (shown in the illustration as pointing straight back into the 
page), our thumb will point in the direction of the force F on a positive test 
charge. Because in practice the positive charges in a metal cannot move but the 
negatively charged electrons can, we observe a flow of electrons in the negative 
or opposite direction of F. Because only the relative motion between the charge 
and the magnetic field matters, the same effect results if the charge is stationary 
in space and the magnetic field is moved (e.g., by physically moving a bar 
magnet), or even if both the magnet and the wire are stationary but the magnetic 
field is somehow made to become stronger or weaker over time. As we will see 
in Chapter 4, a combination of these effects — movement through space of wires 
and magnets, as well as changing magnetic field strength — is employed in the pro- 
duction of electric power by generators. 

The phenomenon of electromagnetic induction occurs when this electromagnetic 
force acts on the electrons inside a wire, accelerating them in one direction along the 
wire and thus causing a current to How. The current resulting from such a changing 
magnetic field is referred to as an induced current. This is the fundamental process 
by which electricity is generated, which will be applied over and over within the 
many elaborate geometric arrangements of wires and magnetic fields inside actual 
generators. 

1.5.5 Electromagnetic Fields and Health Effects 

A current flowing through a wire, alternating at 60 cycles per second (60 Hz), pro- 
duces around it a magnetic field that changes direction at the same frequency. Thus, 
whenever in the vicinity of electric equipment carrying any currents, we are exposed 
to magnetic fields. Such fields are sometimes referred to as EMF, for electromag- 
netic fields, or more precisely as ELF, for extremely low-frequency fields, since 
60 Hz is extremely low compared to other electromagnetic radiation such as radio 
waves (which is in the megahertz, or million hertz range). 

There is some concern in the scientific community that even fields produced by 
household appliances or electric transmission and distribution lines may present 
human health hazards. While such fields may be small in magnitude compared to 
the Earth’s magnetic field, the fact that they are oscillating at a particular frequency 
may have important biological implications that are as yet poorly understood. 

Research on the health effects of EMFs or ELFs continues. Some results to date 
seem to indicate a small but statistically significant correlation of exposure to ELFs 
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from electric power with certain forms of cancer, particularly childhood leukemia, 
while other studies have found no effects. 22 In any case, the health effects of ELFs 
on adults appear to be either sufficiently mild or sufficiently rare that no obvious 
disease clusters have been noted among workers who are routinely exposed — and 
have been over decades — to vastly stronger fields than are commonly experienced 
by the general population. 

From a purely physical standpoint, the following observations are relevant: First, 
the intensity of the magnetic field associated with a current in a wire is directly pro- 
portional to the current; second, the intensity of this field decreases at a rate pro- 
portional to the inverse square of the distance from the wire, so that doubling the 
distance reduces the field by a factor of about 4. The effect of distance thus tends 
to outweigh that of current magnitude, especially at close range where a doubling 
may equate to mere inches. It stands to reason, therefore, that sleeping with an elec- 
tric blanket or even an electric alarm clock on the bedside table would typically lead 
to much higher exposure than living near high-voltage transmission lines. Measured 
ELF data are published by many sources. 

1.5.6 Electromagnetic Radiation 

Although not vital in the context of electric power, another manifestation of electro- 
magnetic interactions deserves at least brief discussion: namely, electromagnetic 
waves or radiation, including what we experience as light. Visible light in fact rep- 
resents a small portion of an entire spectrum of electromagnetic radiation, which is 
differentiated by frequency or wavelength. The nonvisible (to us) regions of this 
spectrum include infrared and ultraviolet radiation, microwaves, radio waves and 
others used in telecommunications (such as cellular phones), X rays, as well as 
gamma rays from radioactive decay. Physically, all these types of radiation are of 
the same basic nature. 

The concept of a wave is familiar to most of us as the periodic movement of some 
material or medium: the surf on a Hawaiian beach, a vibrating guitar string, or the 
coordinated motion of sports fans in the bleachers. What is actually “waving” when 
electromagnetic radiation travels through space is much less tangible and challen- 
ging to the imagination; we can describe it only as a pulse of rapidly increasing 
and decreasing electric and magnetic fields, themselves completely insubstantial 
and yet measurably affecting their environment. These electric and magnetic 
fields are at right angles to each other, and at right angles again to the direction 
of propagation of the wave, as illustrated in Figure 1 .4. 

The frequency of the electromagnetic wave refers to the rate at which either the 
electric or magnetic field at any one point oscillates (i.e., changes direction back and 

22 Technical information and summaries of research have been published by the World Health Organiz- 
ation, http://www.who.int/mediacentre/factsheets/ (accessed November 2004), and by the National 
Institutes of Health, http://www.niehs.nih.gov/emfrapid/home.htm (accessed November 2004). See, 
for example, C.J. Portier and M.S. Wolfe (eds.). Assessment of Health Effects from Exposure to 
Power-Line Frequency Electric and Magnetic Fields. NIEHS Working Group Report (Research Triangle 
Park, NC: National Institute of Environmental Health Sciences of the National Institutes of Health. 1998). 
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forth). Frequency is measured in cycles per second, or hertz (Hz). The wavelength 
represents the distance in space from one wave crest to the next (analogously, the 
period of a wave represents the separation in time from one wave crest to the 
next). Depending on the range of the spectrum in question, wavelength may be 
measured in meters or any small fraction thereof. For example, the wavelength of 
a certain color of visible light might be quoted in microns (1 |xm = 10~ 6 m), 
nanometers (1 nm = 10 -9 m), or angstroms (1 A = 10 -1 ° m). 

Wavelength is inversely proportional to the frequency; higher frequency implies 
shorter wavelength, and vice versa. This is because wavelength and frequency mul- 
tiplied together yield the speed of propagation of the wave, which is fixed: the speed 
of light. Aside from the detail that the speed of an electromagnetic wave actually 
varies slightly depending on the medium through which it is traveling, the constancy 
of the speed of light is famously important. 23 

This constancy can be understood as a manifestation of the principle of the 
conservation of energy: It is at this speed and only at this speed of propagation, 
or rate of change of electric and magnetic fields, that they keep inducing each 
other at the same magnitude. Were the wave to propagate more slowly, the fields 
would decay (implying energy that mysteriously vanishes); were it to propagate 
any faster, the fields would continually increase (implying a limitless creation of 
energy). As we know from the first law of thermodynamics, energy can be neither 
created nor destroyed in any physical process. From this basic principle it is possible 
to derive the constant speed of light. 

Electromagnetic radiation interacts with matter through charges — specifically, 
electrons — that are accelerated and moved by the field. Let us consider first the 
example of radio waves that are broadcast and received through conducting metal 



23 In the fine print of the physics textbook we learn that 3 x 10 8 meters per second, or 186.000 miles per 
hour, is the speed of light only in a vacuum. Light travels somewhat slower through various materials, and 
these small differences in the speed of light — both as a function of the medium and of wavelength — give 
rise to familiar optical phenomena like refraction in a lens, prism, or glass of water. 
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antennas, and then the more general case of photon absorption and emission in all 
types of materials. 

As the music plays at the radio station, its specially encoded electronic signal 
travels in the form of a rapidly changing electric current into the station’s large 
antenna, moving the electrons inside the metal up and down . 24 These moving elec- 
trons produce a pulse of a changing electric field that is “felt” in the region of space 
surrounding the antenna. This oscillating electric field induces a magnetic field, 
which in turn induces an electric field, and so forth, with the fields propagating 
away in the form of a wave — an electromagnetic wave of a very specific time sig- 
nature. The wave becomes weaker with increasing distance from the antenna in that 
it spreads out through space, though the “pulse” itself is preserved as long as the 
wave is detectable. 

Another antenna at a distance can now “receive” the wave because the electrons 
inside it will be accelerated by the changing electric field, in exactly the same 
fashion as the electrons responsible for “sending” it. We can see that an antenna 
needs to be conducting so as to allow the electrons to move freely according to 
the changing field. When this induced motion of electrons is decoded by the radio 
receiver, the electric signal travels through a wire and finally moves the magnet 
of a loudspeaker back and forth, the specific signature of the electromagnetic 
wave is translated back into sound. 

This large-scale motion of electrons, as in radio antennas, is a special case of their 
interaction with electromagnetic radiation. More generally, electrons stay within 
their atomic orbitals, but they nevertheless undergo certain transitions that allow 
them to “send out” or “receive” electromagnetic radiation. These transitions are 
not readily represented in terms of physical motion, but can only be described in 
the language of quantum mechanics. Physicists say that an electron changes its 
energy level, and that the difference between the energy level before and after the 
transition corresponds to the energy carried by a “packet” of electromagnetic radi- 
ation. Such a packet is called a photon . 25 As an electron moves to a state of lower 
energy, it emits a photon, and conversely, as it absorbs a photon, it rises to a state 
of higher energy. 

Although the photon itself has no mass and can hardly be conceived of as an 
“object,” it is nonetheless transporting energy through space. The amount of 
energy is directly proportional to the frequency of the radiation: the higher the fre- 
quency, the greater the energy. Thus, we can think of the “waving” electric and 



24 There are two standard types of encoding: amplitude modulation (AM) and frequency modulation (FM). 
In each case, the sound signal (which itself is an electrical pulse of changing voltage and current that 
mimics the corresponding sound wave) is superimposed on a carrier wave of a given frequency (the 
broadcast frequency of that particular station, which, at many kilohertz or megahertz, is several orders 
of magnitude higher than the frequency of the signal). In AM, the amplitude of the carrier wave is con- 
tinually changed (modulated) according to the signal; in FM, the frequency is changed by a small 
percentage. 

25 It was one of the most stunning discoveries in early 20th-century physics that radiation occurs in such 
packets, or quanta , that only interact with a single electron at a time; the crucial experiment that demon- 
strated this (the photoelectric effect) is what actually won the 1921 Nobel Prize in Physics for Einstein. 
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magnetic fields in space as a form of potential energy, whose presence does not 
become apparent until it interacts with matter. 

The configuration of electrons within a given material, having a certain atomic 
and molecular structure, determines what energy transitions are available to elec- 
trons. They will interact with radiation only to the extent that the available tran- 
sitions match precisely the energy of the photon, corresponding to its frequency 
(wavelength). This explains why materials interact differently with radiation of 
different frequencies, absorbing some and transmitting or reflecting others. A 
glass window, for example, transmits visible light but not ultraviolet. And we find 
ourselves — at this very moment — in a space full of radio waves, oblivious to their 
presence because the waves pass right through our bodies: the energy of their indi- 
vidual photons is insufficient to cause a transition inside our electrons. 

In the context of electric power system operation, electromagnetic radiation does 
not play much of an explicit role. This is because the conventional frequency of 
alternating current at 50 or 60 hertz is so low that the corresponding radiation pro- 
pagates with extremely little energy and is in practice unobservable. Stationary and 
alternating electric and magnetic fields, however, are central to the workings of all 
electric machinery. 




CHAPTER 2 



Basic Circuit Analysis 



2.1 MODELING CIRCUITS 

As a general definition, a circuit is an interconnection of electric devices, or physical 
objects that interact with electric voltages and currents in a particular manner. Typi- 
cally, we would imagine the devices in a circuit to include a power source (such as a 
battery, a wall outlet, or a generator), conductors or wires through which the electric 
current can flow, and a load in which the electric power is being utilized (converted 
to mechanical or thermal energy). To analyze a circuit means to account for the 
properties of all the individual devices so as to predict the circuit’s electrical beha- 
vior. By “behavior” we mean specifically what voltages and currents will occur at 
particular places in the circuit given some set of conditions, such as a voltage 
supplied by a power source. This behavior will depend on the nature of the 
devices in the circuit and on how they are connected. 

For the purpose of circuit analysis, individual devices are represented as ideal 
objects or circuit elements that behave according to well- understood rules. 1 From 
the circuit perspective, the events inside these elements are irrelevant; rather, we 
focus on measurements at the elements’ terminals, or points where the elements 
connect to others. 

The scale of analysis can shift depending on the information that is of interest. 
For example, suppose we are analyzing a circuit in our house to see whether it 
might be overloaded. We find that several appliances are plugged into this circuit, 
including a radio. We would consider this radio as one of the loads and conceptual- 
ize it simply as a box with two terminals (the two prongs of its plug) that draws a 
particular amount of current when presented with 120 volts by the outlet. On the 
other hand, suppose we wish to understand how the radio can be tuned to different 
frequencies. Now we would draw a diagram that includes many of the radio’s 
interior components. Still, we might not include every single little resistor or capaci- 
tor; rather, we would group some of the many electronic parts together and represent 



'Most real devices match their simple idealized versions very closely in behavior (for example, a resistor 
that obeys Ohm' s law). If not, there is always some way of combining a set of abstract elements so as to 
represent the behavior of the physical gadget to the desired accuracy. 
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them as a single element so as to eliminate unnecessary detail. Our choice of scale 
for this grouping would be precisely such that what goes on inside the elements we 
have defined is not relevant to the question at hand. 

Grouping components into functional elements on whatever the appropriate scale 
is a powerful technique in circuit analysis, and electrical engineers use it constantly 
without even thinking about it. As we will see, there are precise rules for “scaling 
up” or simplifying the representation of a circuit without altering the relevant 
properties. 

The most basic circuit elements, and those mainly of interest in power systems, 
include resistors, capacitors, and inductors. These are also called linear circuit 
elements because they exhibit linear relationships between voltage and current or 
their rates of change. In electronics, nonlinear circuit elements such as transistors 
and diodes are also extremely important, but we do not discuss these here . 2 
Finally, common circuit elements include d.c. and a.c. power sources, some of 
which may be broken down further for analysis in certain contexts (e.g., the internal 
modeling of electric generators). 

Generally, the conducting wires that connect various elements are assumed to 
have a negligible or zero resistance. Thus, they are simply drawn as lines, of arbi- 
trary length and shape, with no particular significance other than the endpoints 
they connect. For purposes of circuit analysis, two points connected by such a 
wire might as well be immediately adjacent; they are, in electrical terms, the 
same point . 3 Formally, we would say that the voltage difference between any two 
points connected by a zero-resistance conductor is nil; the points are at the same 
electric potential. A notable difference in the power systems context is that when 
one is dealing with transmission and distribution lines that extend over longer dis- 
tances, the assumption of negligible resistance (or, more accurately, impedance) 
no longer holds. Thus, depending again on the scale of analysis, conductors in 
power systems may or may not be important as circuit elements in their own right. 



2.2 SERIES AND PARALLEL CIRCUITS 

When considering multiple devices in a circuit and their joint behavior, it is 
obviously important to consider how they are connected. There are two basic 
ways in which circuit devices can be connected together, referred to as series and 
parallel. 

A series connection is one in which the electric current flows first through one 
element, then through the next. By necessity, all the current that goes through the 
first also goes through the second (and third, etc.); in other words, the current 

2 Nonlinear circuit elements can be made out of semiconducting materials, whose conductive properties 
are not fixed (as we assume for all other circuit elements), but change depending on ambient conditions, 
such as the voltage that is being applied. Resistors, capacitors, and inductors can also be nonlinear, but we 
will ignore those cases. 

3 Mathematically speaking, we are only modeling the topology of the connections. 
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through elements in series is equal. This requirement follows intuitively from the 
nature of current as a flow of charge. This charge is neither created nor destroyed 
at any point along the connection of interest; we say it is conserved. Therefore, 
what goes in one end must come out the other. 

A parallel connection is one in which the devices present the current with two or 
more alternate paths: there is a branch point. Any individual charge will only go 
through one device, and thus the current flow divides. Conservation of charge in 
this case requires that the sum of currents through all the alternate paths remain 
constant; that is, they add together to equal the initial current that was divided up. 
This notion is formalized in Kirchhoff s current law (see Section 2.3). 

Any network of circuit elements, no matter how intricate, can be decomposed 
into series and parallel combinations. 



2.2.1 Resistance in Series 

The simplest kind of combination of multiple circuit elements has resistors con- 
nected in series (Figure 2.1). The rule is easy: to find the resistance of a series com- 
bination of resistors, add their individual resistances. For example, if a 10-ft resistor 
is connected in series with a 20- f) resistor, their combined resistance is 30 ft. This 
means that we could replace the two resistors with a single resistor of 30 ft and make 
no difference whatsoever to the rest of the circuit. In fact, if the series resistors were 
enclosed in a box with only the terminal ends sticking out, there would be no way for 
us to tell by electrical testing on the terminals whether the box contained a single 
30-ft resistor or any series combination of two or more resistors whose resistances 
added up to 30 ft. Thus, an arbitrary number of resistances can be added in series, 
and their order does not matter. 

Intuitively, the addition rule makes sense because if we think of a resistor as 
posing an “obstacle” to the current, and note that the same current must travel 
through each element in the series, each obstacle adds to the previous ones. This 
notion can be formalized in terms of voltage drop (defined in Section 1.3.3). 
Across each resistor in a series combination, there will be a voltage drop pro- 
portional to its resistance. It is always true that, regardless of the nature of the 
elements (whether they are resistors or something else), the voltage drop across a 
set of elements connected in series equals the sum of voltage drops across the indi- 
vidual elements. This notion reappears in the context of Kirchhoff s Voltage Law 
(see Section 2.3.1). 



R-l = 10Q R 2 - 20 Li 

- a m mb 

Combined (series) resistance 
R = R^ + R 2 = 300 



Figure 2.1 Resistors in series. 
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2.2.2 Resistance in Parallel 

When resistors are combined in parallel, the effect is perhaps less obvious than for 
the series case: rather than adding resistance, we are in fact decreasing the overall 
resistance of the combination by providing alternative paths for the current. This 
is so because in the parallel case the individual charge is not required to travel 
through every element, only one branch, so that the presence of the parallel elements 
“alleviates” the current flow through each branch, and thereby makes it easier for the 
charge to traverse. It is convenient here to consider resistors in terms of the inverse 
property, conductance (Section 1.1.5). Thus, we think of the resistor added in par- 
allel not as posing a further obstacle, but rather as providing an additional conduct- 
ing option: after all, as far as the current is concerned, any resistor is still better than 
no path at all. Accordingly, the total resistance of a parallel combination will always 
be less than any of the individual resistances. 

Using conductance (G = 1 /R), the algebraic rule for combining any number of 
resistive elements in parallel is simply that the conductance of the parallel combi- 
nation equals the sum of the individual conductances. 

For example, suppose a 10-1) and a 2.5 -I) resistor are connected in parallel, as in 
Figure 2.2. We know already that their combined (parallel) resistance must be less 
than 2.5 ft. To do the math, it is convenient to first write each in terms of conduc- 
tance: 0.1 mho and 0.4 mho. The combined conductance is then simply the sum of 
the two, 0.5 mho. Expressed in terms of resistance, this result equals 2 11. In 
equation form, we would write for resistors in parallel: 

1 _ 1 1 

R~R~i + R2^ 

where R is the combined resistance, and R u R 2 , and so forth are the individual 
resistances. 



Rf = 10 £2 

G-| = 0.1 mho 

HVWVS 



U MF 

= 2.5Q 
G 1 = 0.4 mho 

Combined (parallel) resistance 
R = R^R 2 I{R^ + R 2 ) = 2Q 
G = G-| +G 2 = 0.5 mho 



Figure 2.2 Resistors in parallel. 
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In the case of only two resistances in parallel, it is often preferred to rearrange this 
equation to read 4 



R = 



^ 1^2 
R\ + R 2 



With more than two resistances, however, this notation becomes increasingly 
awkward. For example, in the case of three resistances in parallel it reads 



R1R2R3 

R\Ri T~ ^ 1^3 T - R 2 R 3 



Thus, when many resistances are combined in parallel, it is generally more con- 
venient to express them in terms of conductance. 

Note that the voltage drop across any number of elements in parallel is the 
same. This can easily be seen because all the elements share the same terminals: 
the points where they connect to the rest of the circuit are, in electrical terms, the 
same. 

While elements connected in parallel thus have a common voltage drop across 
them, the current flowing through the various elements or branches 5 will typically 
differ. Intuitively, we might guess that more current will flow through a branch 
with a lower resistance, and less current through one with a higher resistance. 
This can be shown rigorously by applying Ohm’s law for each of the parallel resist- 
ances: If V is the voltage drop common to all the parallel resistances, and R\ is the 
individual resistance of one branch, then the current /, through this branch is given 
by V/R\. Thus, the amount of current through each branch is inversely proportional 
to its resistance. 

For example, in Figure 2.2, the current through the 2.5-17 resistor will be four 
times greater than that through the 10-17 resistor, whatever the applied voltage. If 
the voltage is, say, 10 V. then the currents will be 1 A and 4 A, respectively. Note 
that the sum of these currents is consistent with applying Ohm’s law to the combined 
resistance: 10 V/2 17 = 5 A. 

To summarize, there is a tidy correspondence between the series and parallel 
cases: In a series connection, the current through the various elements is the 
same, but the voltage drops across them vary (proportional to their resistance); in 
a parallel connection, the voltage drop across the various elements is the same, 
but the currents through them vary (inversely proportional to their resistance). 
This fundamental distinction has important practical implications, as we shall see 
in Section 2.2.4. 

4 When memorizing this formula, it is helpful to keep in mind that the units of both sides of the equation 
are resistance. Thus, the product term (units of resistance squared) must be in the numerator, and the sum 
term (units of resistance) in the denominator. 

5 The term "branch” for one path in a parallel connection is preferable because, in general, there could be 
more than one element (in series) along each parallel path; see Section 2.2.4. 
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2.2.3 Network Reduction 

As stated earlier, any network of circuit elements is composed of some mixture 
of series and parallel combinations. To analyze the network, circuit branches 
are sequentially aggregated from the bottom up as series or parallel combinations, 
up to the desired scale. The point is best made through an illustrative example. 



r 2 = ion 

G 2 = 0.1 mho 




G 4 = 0.05 mho 

Figure 2.3 Network reduction. 

Suppose we wish to determine the equivalent resistance of the network of five 
resistors shown in Figure 2.3, relying on the fact that any parallel and series combi- 
nation of resistors can ultimately be reduced to a single resistance. Starting from the 
largest scale, we note that the total resistance will be the sum of R 5 and the combi- 
nation of four resistors on the left-hand side. This combination, in turn, has a resist- 
ance corresponding to the parallel combination of R 4 and the branch on top with 
three resistances, and so on. For computation, we begin at the smallest scale, eval- 
uating first the combination of If and R 2 and working our way up from there. As 
demonstrated in the numerical example, it is convenient to switch back and forth 
between units of resistance and conductance so as to facilitate the arithmetic for 
evaluating the parallel combinations. Finally, by expressing the five individual 
resistances as one combined resistance, we have converted our initial model into 
a much simpler one with only a single circuit element, while its behavior in relation 
to anything outside it remains unchanged. Thus we have effectively scaled up our 
representation of the circuit. This kind of simplification process can be carried out 
repeatedly at various levels. 

Example 

What is the combined resistance of the five resistors in the network in Figure 2.3? 

We proceed by adding together conductances for parallel elements, and 
resistances for series elements, starting with the combined conductance of 
R x and R 2 , which is G\ 2 = G\ + G 2 = 0.5 mho. We then invert G\ 2 to express 
it as a resistance that can be added to R 3 . Thus, R 12 = 1/G 12 = 2fl, and 
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R 123 = R\2+R3 = 5 0 . We then invert to conductance, G 123 = I//G23 = 0.2 
mho, and add it to G4 to obtain G1234 = G123 + G4 = 0.25 mho. Finally, after 
inverting again to resistance, R , 2345 = R 1 234 + R5 = 10 O. 

In analyzing power systems, it is often necessary to model the system at different 
scales, depending, for example, on whether the focus is on long-distance trans- 
mission or power distribution. The scaling process primarily involves aggregating 
individual loads within an area and representing them as a single block of load. 
This could be the load on a distribution transformer, a distribution feeder, or on 
an entire substation. In this case, however, the simplification is based on empirical 
measurement (e.g., of loads at the substation), as opposed to an algebraic procedure 
like the one just discussed, say, by combining the individual resistances or 
impedances (see Section 3 . 2 . 3 ). 

In general, circuit analysis, and especially the technique of network reduction, 
gets more complicated when there is a large number of branches and circuit 
elements, and also when there are circuit elements of different types whose charac- 
teristics are not readily summarized in terms of resistance or impedance. For these 
situations, electrical engineers carry an arsenal of more sophisticated reduction tech- 
niques that are beyond the scope of this text. 6 Still, as we will see in Chapter 7 , the 
complexity of power systems is such that elegant analytic procedures can be easily 
exhausted well before a system appears tractable by pencil and calculator. At this 
point, the task becomes assembling all the information neatly in tabular or matrix 
form, and then preferably passing it along to a computer to work out the numerical 
answers or approximations. 



2.2.4 Practical Aspects 

In real circuits for power delivery, we mostly think of circuit elements in terms of 
power sources or loads, such as appliances in the house or several homes on the 
distribution circuit that runs down the block. These loads are always connected in 
parallel, not in series. The reason for this is that a parallel connection essentially 
allows each load to be operated independently of the others, since each is supplied 
with the same standard voltage but can draw a current depending on its particular 
function (which determines the amount of power consumed; see Section 3 . 4 ). 

Supplied by a constant voltage source, which we like to assume in the context of 
power systems (although it is only an approximation), resistive loads in parallel are 
essentially unaffected by each other. Interactive effects only occur as departures 
from the idealized situation; for example, when a particularly heavy load affects 
the local voltage, and thus indirectly the other loads. 7 By contrast, independent oper- 
ation of loads in series would be impossible, since elements in series share the same 

6 The most important of these techniques are representing circuits as so-called Thevenin and Norton 
equivalents, where circuits containing multiple elements and power sources are modeled as a single 
voltage or current source with a series or parallel resistance, respectively. 

7 Dimming or flickering lights when a big motor switches on are a familiar example. 
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current. Thus, turning any one of them off will interrupt the current flow to all the 
others. 8 Even if all elements are operational, the amount of power consumed in 
each one cannot easily be adjusted, and the voltage across each represents only 
some fraction of the voltage across the combination. 

The series connection is mostly relevant in power systems when elements are 
considered that represent successive steps between power generation and consump- 
tion. Thus, the loads are in series with a distribution line, a transmission line, and a 
generator. Actually, these elements may also be in parallel with many others, since 
the entire system forms a network with many links. Still, there is some minimum 
number of elements in series that constitute a path from power source to load. For 
example, if we are interested in the resistance of the conductors between a distri- 
bution substation and a customer (where there is usually only a single path due to 
the radial layout of the distribution system; see Section 6.1), we would have to 
add all the contributions to resistance along the way. 

The important conceptual point here is that because of this series connection, 
there is no escaping the interdependence among the elements: there is literally no 
way around the other elements on a series path. This becomes important in the 
context of transmission constraints (see Sections 6.5, 8.2, 9.2) and excessive 
voltage drops due to high loads (see Section 6.6). While it may be perfectly 
obvious to an engineer that any devices through which the same current must 
travel are necessarily dependent on each other, this presents a very fundamental 
problem when legal and institutional arrangements concerning power systems 
have these devices under the auspices of different parties. 



2.3 KIRCHHOFF’S LAWS 

Anything we learn about the behavior of a circuit from the connections among its 
elements can be understood in terms of two constraints known as Kirchhoff’s 
laws (after the 19th-century German physicist Gustav Robert Kirchhoff). Specifi- 
cally, they are Kirchhoff’s voltage law and Kirchhoff s current law. Their appli- 
cation in circuit analysis is ubiquitous, sometimes so obvious as to be done 
unconsciously, and sometimes surprisingly powerful. While Kirchhoff’s laws are 
ultimately just concise statements about the basic physical properties of electricity 
discussed in Chapter 1, when applied to intricate circuits with many connections, 
they turn into sets of equations that organize our knowledge about the circuit in 
an extremely elegant and convenient fashion. 9 

s Christmas tree lights of older vintages are a classic example of this phenomenon, and of the painstaking 
process to identify the culprit element. Newer models have a contact that allows the current to bypass the 
light bulb filament when it is broken. The other lights on the string will only go out if a bulb is removed 
altogether. 

9 In mathematical terms, Kirchhoff s laws yield a number of linearly independent equations, often 
arranged in matrix form, that are just sufficient to determine the voltages and currents in every circuit 
branch, given information about all the circuit elements present. 
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2.3.1 Kirchhoff’s Voltage Law 

Kirchhoff’s voltage law (often abbreviated KVL) states that the sum of voltages 
around any closed loop in a circuit must be zero. In essence, this law expresses 
the basic properties that are inherent in the definition of the term “voltage” or “elec- 
tric potential.” Specifically, it means that we can definitively associate a potential 
with a particular point that does not depend on the path by which a charge might 
get there. This also implies that if there are three points (A, B, and C) and we 
know the potential differences between two pairings (between A and B and 
between B and C), this determines the third relationship (between A and C). 
Without thinking in such abstract and general terms, we apply this principle when 
we move from one point to another along a circuit by adding the potential differ- 
ences or voltages along the way, so as to express the cumulative voltage between 
the initial and final point. Finally, when we go all the way around a closed loop, 
the initial and final point are the same, and therefore must be at the same potential: 
a zero difference in all. 

The analogy of flowing water comes in handy. Here, the voltage at any given 
point corresponds to the elevation. A closed loop of an electric circuit corresponds 
to a closed system like a water fountain. The voltage “rise” is a power source — say, a 
battery — that corresponds to the pump. From the top of the fountain, the water then 
flows down, maybe from one ledge to another, losing elevation along the way and 
ending up again at the bottom. Analogously, the electric current flows “down” in 
voltage, maybe across several distinct steps or resistors, to finish at the “bottom” 
end of the battery. This notion is illustrated by in the simple circuit in Figure 2.4 
that includes one battery and two resistors. Note that it is irrelevant which point 
we choose to label as the “zero” potential: no matter what the starting point, 
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Figure 2.4 Kirchhoff’s voltage law. 
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adding all the potential gains and drops encountered throughout the complete loop 
will give a zero net gain. 

2.3.2 Kirchhoff’s Current Law 

Kirchhoff s current law (KCL) states that the currents entering and leaving any 
branch point or node in the circuit must add up to zero. This follows directly 
from the conservation property: electric charge is neither created nor destroyed, 
nor is it “stored” (in appreciable quantity) within our wires, so that all the charge 
that flows into any junction must also flow out. Thus, if three wires connect at 
one point, and we know the current in two of them, they determine the current in 
the third. 

Again, the analogy of flowing water helps make this more obvious. At a point 
where three pipes are connected, the amount of water flowing in must equal the 
amount flowing out (unless there is a leak). For the purpose of computation, we 
assign positive or negative signs to currents flowing in and out of the node, respect- 
ively. It does not matter which way we call positive, as long as we remain consistent 
in our definition. Then, the sum of currents into (or out of) the node is zero. This is 
illustrated with the simple example in Figure 2.5, where KCL applied to the branch 
point proves that the current through the battery equals the sum of currents through 
the individual resistors. 





Figure 2.5 Kirchhoff" s current law. 
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Despite their simple and intuitive nature, the fundamental importance of Kirch- 
hoff s laws cannot be overemphasized. They lie at the heart of the interdependence 
of the different parts and branches of power systems: whenever two points are elec- 
trically connected, their voltages and the currents through them must obey KVL and 
KCL, whether this is operationally and economically desirable or not. For example, 
managing transmission constraints in power markets is complicated by the fact that 
the flow on any one line cannot be changed independently of others. Thus the engin- 
eer’s response to the economist’s lamentation of how hard it is to manage power 
transmission: “Blame Kirchhoff.’’ 

2.3.3 Application to Simple Circuits 

When Kirchhoff’ s laws are combined with information about the characteristics of 
all the elements within a circuit (which specify the relationship between the voltage 
across and the current through each element), the voltages and currents at every 
location in a circuit can be specified regardless of the number of branch points, as 
long as all the circuit elements behave according to certain rules and the topology 
(connectedness) of the circuit meets certain criteria. Actually carrying out such a 
calculation, however, can be quite tedious, and we will only give a qualitative 
description of the process here. 

The technique of choice is to write the relationships implied by Kirchhoff s laws 
as a list or table of equations. Such a table, when properly organized, is known as a 
matrix. This matrix shows which branch point or node of the circuit is connected to 
which other node, and also includes information about each branch, such as the 
conductance (or, as in Chapter 7, the admittance ) between pairs of nodes. For 
large circuits, one writes this matrix in a systematic fashion by first labeling 
nodes and assigning reference directions for voltages between nodes and for the 
current through each branch (since it is important whether the voltage and current 
in any one direction is to be considered positive or negative). When combined 
according to the rules of linear algebra with current and voltage vectors, which 
are just properly ordered listings of all the branch currents and voltages, this formu- 
lation spells out Kirchhoff s laws. It is then a matter of standard linear algebra pro- 
cedure to solve for any unknown current and voltage variables, given a sufficient 
number of “knowns.” This type of procedure is detailed in all standard textbooks 
on circuit analysis. 

Rather than analyzing complicated circuits, let us illustrate some simple, familiar 
applications of Kirchhoff s Laws through the following two examples. 

Example 

A string of Christmas lights that plugs into a 120 V outlet has 50 identical bulbs 
connected in series. What is the voltage across each bulb? 

The voltage across each bulb is 120 V/50 = 2.4 V. This seems obvious, but is 
a consequence of KVL, which requires that the voltage drops along the string add 
up to the same amount as the voltage drop from one to the other terminal of the 
wall outlet. 
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Example 

A college student sets up a kitchen in his studio and decides to run several appli- 
ances from the same extension cord: a hot plate with an internal resistance of 
20 fl, a light with 60 fl, and a toaster oven with 10 fl. The extension cord has 
a resistance of 0.1 fl on each of its two wires. What is the current through 
each device, when all are in use? 

To a first approximation, we would say that the appliances all “see” a voltage 
of 120 V. The current through each is then given by Ohm’s law: 
120V/20n = 6A, 120 V/60 fl = 2 A, and 120 V/10 O = 12 A. KCL then 
tells us that the current through the cord must equal the sum of all three, or 
6A + 2A + 12A = 20A. The complication, however, is that at the end of the 
extension cord, the voltage is not exactly 120 V. Rather, with 20 A, there 
would be a voltage drop according to Ohm’s law of 20 A • 0.1 fl = 2 V on 
each “leg” of the cord. From KVL, it follows that the actual voltage as “seen” 
by the appliances is only 120 V — (2 • 2 V) = 116 V. 

To obtain an exact answer, the easiest approach is to write an expression for 
the total resistance in the circuit, which is 

R = 0.1+ 1 1 j- + 0.1 =6.2 a 

20 + 60 + K) 

The current in the cord is thus 120 V / 6.2 fl = 19.35 A. This current results in a 
voltage drop of twice 19.35 A -0.1 fl, leaving 120 V — 3.87 V = 116.13 V for 
the appliances. The current in each appliance comes out to be 5.8 A, 1.9 A, 
and 11.6 A, respectively. Note that the three currents add up to the total 
current through the cord, as required by KCL. 

The moral of this story is that one ought to be careful about using extension cords, 
especially when they are long and of narrow gauge (high resistance) and when using 
powerful appliances. Some appliances — not the resistive kind in this example, but 
those involving motors — will run less efficiently and may eventually even be 
damaged when supplied with a voltage much less than the nominal 120 V. Worse 
yet, the extension cord may become very hot and pose a fire hazard. 



2.3.4 The Superposition Principle 

In addition to applying Kirchhoff’s laws and scaling circuits up or down, a third 
analysis tool is based on the superposition principle. This principle applies to cir- 
cuits with more than one voltage or current source. It states that the combined 
effect — that is, the voltages and currents at various locations in the circuits — from 
the several sources is the same as the sum of individual effects. Knowing this 
allows one to consider complicated circuits in terms of simpler components and 
then combining the results. 




42 BASIC CIRCUIT ANALYSIS 



In power systems, the superposition principle is used to conceptualize the inter- 
actions among various generators and loads. For example, we may think of the 
current or power flow along a transmission link due to a “shipment” of power 
from one generator to one consumer, and we add to that the current resulting 
from separate transactions in order to obtain the total flow on that link. With voltages 
held fixed, the currents become synonymous with power flows, and we can add and 
subtract megawatt flows superimposed along various transmission links. This pro- 
cedure is illustrated in Section 6.1.5 on Loop Flow. 

For a simple example where we can deal with currents and voltages explicitly, 
consider the circuit in Figure 2.6. This circuit has two power sources. The first 
source, labeled Si, is a battery that functions as a voltage source, delivering 
12 volts. The second source, S 2 , is a current source that delivers 1.5 amperes. 
This type of source is less familiar in power systems than in electronics; it has the 
property of always delivering a specific current regardless of the resistance in the 
circuit connected to it, while allowing the voltage at its terminals to vary (as 
opposed to the more familiar voltage source that specifies terminal voltage while 
the current depends on resistance in the circuit). We introduce the current source 
here because it makes for a good illustration of the superposition principle. 

Suppose we wish to predict the voltage level v and current i at the locations ident- 
ified in the diagram. It is not immediately obvious what the voltages and currents at 
various points in this circuit should be as a result of the combination of the two 
sources. The superposition principle is an indispensable analytic tool here: it 
states that we can consider separately the voltage and current that would result 
from each individual source, and then simply add them together. This principle 
applies regardless of the circuit’s complexity or the number of power sources; it 
also holds true at any given instant in a circuit with time-varying sources. 

In our example, the voltage v that would result from only S) — written as r(.S'i), 
indicating that v for now is only a function of 5) — is determined from the relative 
magnitudes of the two resistances in the circuit, R } and R 2 , while ignoring the 
presence of the current source. Since R 2 at 2 17 represents one-third of the total 
resistance in this simple series circuit, 2 12 + 4 12, the voltage across R 2 that we 
want to find is simply one-third of the total: 

v(Si) = 12 V • 2 12/(4 12 + 2 12)= 12 V • 1/3 = 4 V 

Ignoring the current source technically means setting the current through it to zero, 
or replacing it with an open circuit. Having gotten rid of the extra circuit branch, the 
current i(S 1 ) through the resistor R 2 that would result from S) alone is easy to find 
with Ohm’s law: 



i(Si) = 12 V/(412 + 212) = 2 A 

Next, we ignore the voltage source, meaning that we set the voltage difference 
across it to zero, or replace it with a short circuit. The current i(S 2 ) through R 2 
based on the current source alone is found from the relative magnitudes of the resist- 
ances in each branch: since R 2 has half the resistance of/?], twice the current will 
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flow through it, or two thirds of the total: 

i(S 2 )= 1.5A-4ft/(4n + 2n)= 1.5 A • 2/3 = 1A 
The voltage v(S 2 ) due to the current source alone is again found via Ohm’s law: 

v(S 2 ) = 1 A • 2H = 2 V 

We can now superimpose the contributions from the two sources and find 
v = d(5i) + v(S 2 ) = 4 V + 2 V = 6 V 



and 



i = i(Si) + i(S 2 ) = 2 A + 1 A = 3 A 

Although this simple example could have been solved without the use of superposi- 
tion, the technique is vital for analyzing larger and more complex circuits, including 
those with time-varying sources. 



2.4 MAGNETIC CIRCUITS 

In Section 1.5 we introduced the notion of a magnetic field as a pattern of directional 
forces resulting from the movement of electric charge. We first described fields as 
analytic artifacts, or maps indicating what would happen to a test object situated 
in a particular space. We also argued that the field can be appropriately regarded 
as a physical entity in and of itself, despite the fact that it is devoid of material sub- 
stance. In the context of magnetic circuits, the latter way of conceptualizing the field 
is more apt. Here we definitely think of the magnetic field as a “thing” in its own 
right: something that is present or absent, or present in a particular amount. And, 
because the presence of a magnetic field indicates that an object can be moved by 
it — that is, physical work can be done on the object — we consider the field (mag- 
netic or electric) as containing stored or potential energy. 

We also stated in Section 1.5 that the magnetic field in strict, formal terms re- 
presents the density of another quantity, the magnetic flux, cf>. This flux is a 
measure of something imagined to flow, for example, flowing in circles around a 
current-carrying wire. A magnet can be represented in terms of a continuous, 
more or less circular (depending on the magnet’s shape) flow of magnetic flux 
along the familiar “lines” of the magnetic field. This flux is denser (the lines 
closer together) inside the magnet and very close to it, and it becomes less dense 
with increasing distance. In this representation, a solid bar magnet is basically 
indistinguishable from an electromagnet created by a coil of wire (except for 
some subtleties around the edges). 

The flux representation establishes a crucial property of magnets: namely, that 
they always appear as having two poles, rather than occurring as a single north or 
south “monopole.” This property can be elegantly expressed in the mathematical 
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statement that the magnetic flux is always continuous, just as if it were a material 
flowing. Flux lines neither begin nor end anywhere, but perpetually travel around 
in closed loops. If one enclosed a space with a hypothetical boundary (such as a 
balloon), no more and no less flux could enter than leave this boundary, since other- 
wise the flux would have to be created or destroyed within the enclosed space. 10 If a 
single magnetic north (or south) pole existed, it would violate this condition, since 
flux would emanate from it (or be absorbed by it) in all directions. 

The flux, then, is the “stuff’ that must always come back around. In this way, it is 
analogous to an electric current traveling through a closed circuit, which, as we have 
seen specifically in Sections 1.3 and 2.3, also has the property that “what goes in 
must come out.” This analogy extends in such a way that we can speak of magnetic 
circuits that obey similar rules as electric circuits. In an electric circuit, the flow 
of charge can be associated with identifiable material particles; what is flowing in 
the magnetic circuit is just the abstract “flux.” Thus, the concept of a magnetic 
circuit functions similarly as an analytic device that keeps track of the quantity of 
flux and also relates it to the properties of the materials that provide the circuit’s 
physical path. Figure 2.7 illustrates a magnetic circuit. 

Analogous to the electrical resistance, there is a property called reluctance that 
indicates the relative difficulty or ease with which the magnetic flux may traverse 
an element within a magnetic circuit. Reluctance is denoted by the symbol 01. 
The basic material property in this case is the magnetic permeability, which is ana- 
logous to conductivity, and is denoted by p (Greek lowercase mu). Also in keeping 
with the analogy, the reluctance of a magnetic circuit element is given by 



where / is the length and A the cross-sectional area of the element. 

The permeability p can be regarded as a material’s propensity to carry magnetic 
flux in response to an externally applied magnetic field. This is like a conductor’s 
propensity to allow a current to flow through it in response to an applied electric 
potential drop (electric field; see Section 1.5). We can visualize permeability in a 
vague sense as the ability of the material’s particles to align with an externally 
applied magnetic field. However, there will be some flux even in the absence of a 
substantive medium. Thus, the permeability of a vacuum is not zero; rather, it is 
assigned a value (so as to keep all other units and measurements consistent) of 
p 0 = 4 tt x 1CP 7 tesla • meters/ampere, and p 0 is called the permeability constant. 

The fact that magnetic flux can exist anywhere gives rise to an important practical 
difference between electric and magnetic circuits: for an electric circuit, because the 
conductivity of metal is so many orders of magnitude greater than that of the sur- 
rounding air, it is a very good approximation to say that all the charge remains 
confined to the conducting material — such a good approximation, in fact, that we 
rarely stop to consider it. Magnetic flux, on the other hand, is “messy” to contain 

10 In mathematical notation, this statement constitutes one of the famous Maxwell's equations. 
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because the permeability of air is still some appreciable fraction of that of the 
best magnetic materials. Thus, the amount of leakage flux, or flux “spilling out” 
over the edges, is often significant and must be explicitly considered in engineering 
analyses. 

For an actual material under the influence of a magnetic field, the permeability is 
not constant, but rather changes with the field strength or the degree of magnetiza- 
tion. Furthermore, the permeability depends on the material’s recent history, that is, 
whether it is in the process of being increasingly magnetized or demagnetized. 1 1 
Thus, the value of |x over a range of conditions during the actual operation of 
magnetic elements must be obtained empirically. Such data or magnetization 
curves are published for the various materials in common use for these purposes, 
primarily different types of iron and steel. 

Quantitatively, we can write the relationship 



B = |xH 



where B is the flux density through the medium (flux per area), which is the same as 
the familiar magnetic field, and H is called the magnetic field intensity or magnetic 
field strength } 2 B and H are written in boldface notation to indicate that they are 
vector quantities, that is, they have an associated direction, which in this case is 
the same for both. 

As we know, an electric current “chooses” to flow along the path of least resist- 
ance. More rigorously speaking, the amount of current flowing through any one 

11 The property of a material to follow a different "path” during magnetization and demagnetization is 
known as hysteresis. 

12 These terms are given here for the sake of completeness: in the power engineering context, phenomena 
are less often described in terms of fields or field intensity, while the terms flux and permeability are fre- 
quently encountered. 
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circuit branch is inversely proportional to its resistance, that is, directly proportional 
to its conductance. Similarly, magnetic flux tends toward regions of high magnetic 
permeability. Thus, while the total amount of flux is constrained by boundary con- 
ditions (just like the total amount of current through all circuit branches might be 
fixed), its density can be distributed throughout space, depending on local variations 
in magnetic permeability. In this way, the magnetic field or flux density can be con- 
centrated in a certain region, as if the flux lines were “gathered up.” This effect is 
used in almost all electric power devices that rely on magnetic fields, by 
“guiding” the magnetic field through appropriately shaped pieces of iron or steel. 

However, unlike an electric current that is confined exclusively to the conducting 
material of a circuit, the confinement of magnetic flux inside the high-permeability 
material is always less than perfect. Consequently, an important issue in the design 
and operation of devices using magnetic flux is the so-called leakage flux. This 
leakage flux is simply the difference between the total amount of flux produced 
by an electric current and the amount that is successfully confined within the 
desired region. 

The generation of magnetic flux by an electric current can be described in terms 
of a magnetomotive force (mmf for short), which is analogous to the voltage or elec- 
tromotive force in an electrical circuit. The mmf depends on the amount of current 
and the configuration of the wire carrying it: specifically, it is not the shape of the 
wire that matters, but the number of times that the area in question is encircled by 
this wire in loops or “turns.” Thus, 



mmf = Ni 



where i is the current and N the number of turns. 

It is also possible to write an equation for flux analogous to the relationship 
between voltage and current for a magnetic circuit, where the flux is given by the 
ratio of mmf to the magnetic reluctance of the region within the turns of wire: 

mmf 



Unlike electric resistance, which for many materials remains constant to a good 
approximation over a range of voltages and currents (Ohm’s law), the permeability, 
and thus the reluctance of magnetic materials, varies as the magnetic flux increases 
and the material becomes “saturated.” In general, the relationship between mmf and 
flux over great ranges of values is therefore not straightforward and must be deter- 
mined experimentally. However, the reluctance 01 shares with the electric resistance 
the property that it is additive for elements connected in series, and thus the behavior 
of an entire magnetic circuit can be derived from its components. 

Magnetic flux lines that pass through the enclosed area of a turn of wire are said to 
link this turn. In general, the flux linkage of an element is a measure of the extent to 
which this element is interacting with magnetic flux in its vicinity; it is denoted by A. 
(lambda). This interaction refers to two symmetrical processes: (1) the production of 
magnetic flux from electric current in the element, and (2) the reverse process, where 
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a current through the element is induced by magnetic flux linking it. The single 
measure of X. applies to both phenomena simultaneously. For a coil of wire, the 
flux linkage is given approximately by the product of the number of turns and the 
flux through them: 

X = /Vc|) 



This formula is approximate because it assumes that all the flux lines intersect every 
turn, while in reality, there will be some leakage flux that only interacts with some 
parts of the coil. 

Finally, in anticipation of Section 3.2, where we discuss the inductance (L) as a 
crucial property of electric circuit elements, we can state that the flux linkage is also 

X = Li 

where i is the current through the element. Thus, we can think of inductance as a 
measure of how much magnetic flux linkage is associated with a given amount of 
current for a particular device. 

Magnetic circuits play a role in electric power systems primarily in the context of 
generators and transformers, where all the transmitted energy temporarily resides in 
the form of magnetic fields. Flux lines are used to describe how these devices work, 
and the analysis of the magnetic circuits they contain, including leakage flux, is 
crucial in their design. Magnetic flux, and electrical interactions that result from it 
(specifically, mutual inductance), is also important for transmission lines. 




CHAPTER 3 



AC Power 



3.1 ALTERNATING CURRENT AND VOLTAGE 

Many of the important technical characteristics of power systems have to do with 
their use of alternating current (a.c.) instead of direct current (d.c.). In a d.c. 
circuit, the polarity always remains the same: the potential always stays positive 
on one side and negative on the other, and the current always flows in the same direc- 
tion. In an a.c. circuit, this polarity reverses and oscillates very rapidly. For power 
systems in the United States, the a.c. frequency is 60 hertz (Hz) or 60 cycles per 
second, meaning that the direction of voltage and current are reversed, and reversed 
back again, 60 times every second. 

3.1.1 Historical Notes 

The main reason for using a.c. in power systems is that it allows raising and lowering 
the voltage by means of transformers. As we will see in Section 6.2, transformers 
cannot be operated with d.c. It is still possible to change the voltage in a d.c. 
circuit, but it requires far more sophisticated and expensive equipment that had 
not been invented in the early days of electric power. The first power systems, 
which operated on d.c., were therefore limited to rather low transmission voltages: 
although the generators could have been designed to produce power at a higher 
voltage, safety considerations at the customer end dictated that the voltage be kept 
low. Consequently, line losses were a major problem and in effect limited the geo- 
graphic expansion of power systems. After the transformer was introduced in the 
1880s, d.c. and a.c. systems spent some years in fierce competition (the “Battle of 
the Currents”), with Edison and Westinghouse as prominent advocates on either 
side. The major obstacles in the way of the alternating current approach — namely, 
concerns about the safety of high-voltage transmission, as well as the challenge of 
designing an a.c. motor — were largely resolved by the mid- 1890s. 1 



'For a thorough and fascinating historical discussion of the development of electric power systems, see 
Thomas P. Hughes, Networks of Power. Electrification in Western Society, 1880-1930 (Baltimore: 
Johns Hopkins University Press, 1983). 
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The choice of frequency for a.c. power represented a compromise among the 
needs of different types of equipment. During the early years of a.c. systems, numer- 
ous different frequencies ranging from 25 to 133 1 cycles were used. 2 For generators, 
lower frequencies tend to be preferable because this requires fewer magnetic poles 
inside the rotor (see Section 4.1), though this constraint became less significant as 
high-speed steam turbines supplemented and replaced slow-moving hydroturbines 
and reciprocating steam engines. For transmission, lower frequencies are especially 
desirable because a line’s reactance increases with frequency and constrains the 
amount of power that can be transmitted on a given line (see Sections 3.2 and 
6.5). For loads, on the other hand, higher frequencies are often preferable. This is 
particularly true for incandescent lamps, whose flickering becomes more and 
more noticeable to the human eye at lower frequencies. After due consideration 
of the different types of equipment already in use and the prospects for adapting 
new designs, efforts to standardize power frequency finally resulted in convergence 
to a 60 cycle standard in the United States and 50 cycles in Europe. 

3.1.2 Mathematical Description 

A sine wave represents the cyclical increase and decrease of a quantity over time. 
The oscillation of voltage and current in an a.c. system is modeled by a sinusoidal 
curve, meaning that it is mathematically described by the trigonometric functions of 
sine or cosine. In these functions, time appears not in the accustomed units of 
seconds or minutes, but in terms of an angle. 

A sinusoidal function is specified by three parameters: amplitude, frequency, 
and phase. The amplitude gives the maximum value or height of the curve, as 
measured from the neutral position. (The total distance from crest to trough is 
thus twice the amplitude.) The frequency gives the number of complete oscillations 
per unit time. Alternatively, one can specify the rate of oscillation in terms of the 
inverse of frequency, the period. The period is simply the duration of one complete 
cycle. The phase indicates the starting point of the sinusoid. In other words, the 
phase angle specifies an angle by which the curve is ahead or behind of where it 
would be, had it started at time zero. Graphically, we see the phase simply as a 
shift of the entire curve to the left or right. The phase angle is usually denoted by 
(|j, the Greek lowercase phi. 

Expressing time as an angle allows us to take a sine or cosine of that number. For 
example, the sine of 30 degrees is 1, but there is no such thing as the sine of 30 
seconds. The argument of a sinusoidal function (the variable or object of which 
we find the sine) must be dimensionless, that is, without physical dimension like 
time, distance, mass, or charge. An angle, though measured in units of degrees or 
radians, has no physical dimension; it really represents a ratio or fraction of a 
whole. This is consistent with the fact that a sine function represents a relationship 
between two quantities: in a right triangle, the sine of one angle is the ratio of lengths 

2 See Hughes, Networks of Power, pp. 1 27//'., and Benjamin G. Lamme, "The Technical Story of the 
Frequencies,” IEEE Transactions 37, 1918. 
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of two of the sides (the reader may recall “opposite over hypotenuse” for sine, and 
“adjacent over hypotenuse” for cosine). Time as an angle means time as a certain 
fraction of a whole. 

Turning time into an angle or fraction is logical only because in an oscillation, 
time is cyclical; the process repeats itself. We do not care whether we are on our 
first or four-hundredth swing, but rather about where in the oscillation we find 
ourselves at a given instant. One complete oscillation, the duration or period of 
which would be 1 /60th of a second for 60 Hz, is taken to correspond to a full 
circle of 360 degrees. Any angle can be understood, then, as specifying a fraction 
or multiple of that complete oscillation. 

Plotted against angle on the horizontal axis, the height of the sine curve is simply 
the value of the sine for each angle, scaled up by a factor corresponding to the ampli- 
tude. As the angle is increased, it eventually describes a complete circle, and the 
function repeats itself. 

In the context of sinusoidal functions, angles are often specified in units of 
radians (rad) rather than degrees. Radians refer to the arc described by an angle. 
The conversion is simple. Since the circumference of an entire circle is given by 
2tt r, where r is the radius and it (pi) = 3.1415, 2tt radians correspond to 360°. (The 
radius is left out since the size of the circle is arbitrary; in this way, we are only refer- 
ring to the angle itself.) Any fraction of a radian, then, represents a fraction of a circle, 
or number of degrees: tt rad = 180° or one-half cycle; tt/2 rad = 90° or one-quarter 
cycle, and so on. Figure 3.1 illustrates a sine wave with both units of angle. 

The frequency of a sinusoidal function is often given in terms of radians per 
second, in which case it is called an angular frequency. Angular frequencies are 
usually denoted by oj, the Greek lowercase omega, as opposed to / or v (Greek 
lowercase nu) for frequency. The angular frequency corresponding to 60 cycles/s is 

co = 60 cycles/s ■ 2 t r radians/cycle = 377 rad/s 




Figure 3.1 A sine function plotted against angle /(f) = A sin(cof). 
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For 50 cycles, w = 314 rad/s. An alternating current as a function of time can be 
written as the following sinusoidal function: 

Kt) = / max sin(wr + <t> 7 ) 

The quantity / max is the maximum value or amplitude of the current. Since the value 
of a sine or cosine varies between + 1 and — 1, the actual current oscillates between 
+/ ma x and — / max . The time t is measured in seconds, and, when multiplied by the 
angular frequency «, gives a number of radians. In the simplest case, shown in 
the upper portion of Figure 3.2, there is no phase shift, meaning that 4> is zero 
and the curve starts at zero. To illustrate the more general case, Figure 3.2 also 





Figure 3.2 Sinusoidal alternating current. 
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shows the curve shifted over to the left by an angle 4>. Note that the phase 
shift affects neither frequency nor amplitude of the curve; it simply amounts to a 
difference in what time is considered “zero” in comparison to some other curve, 
which will become important later when we consider the relative timing of 
current and voltage. The same discussion as for current holds for the voltage, 
which is written 



V(t) = y max sin(wr + 4>v,) 

The subscripts on the phase angles are there to indicate that current and voltage do 
not necessarily have the same phase; that is, their maximum values do not necess- 
arily coincide in time (Section 3.3 addresses the phase shift between current and 
voltage). 

In practice, current and voltage waveforms do not conform to this precise math- 
ematical ideal; in some cases, interpreting them as sinusoidal requires a vivid 
imagination. While they will always be periodic (i.e., repeating themselves), they 
may not be round and smooth like the proper sinusoidal curve. The discrepancy 
results in part from the internal geometry of the generators and in part from 
harmonic distortion caused by loads and other utility equipment. The degree of 
conformance to the shape of a sine curve, or “good waveform,” is one aspect of 
power quality. Poor waveform may not be a problem, though, unless there are 
sensitive loads. 

3.1.3 The rms Value 

For most applications, we are only interested in the overall magnitude of these func- 
tions. Conceivably, we could just indicate the amplitude of the sine wave, but this 
would not represent the quantity very well: most of the time, the actual value of 
the function is much less than the maximum. Alternatively, we could take a 
simple arithmetic average or mean. However, since a sine wave is positive half 
the time and negative the other half, we would just get zero, regardless of the ampli- 
tude; this average would contain no useful information. What we would like is some 
way of averaging the curve that offers a good representation of how much current or 
voltage is actually being supplied: a meaningful physical measure; something of an 
equivalent to a d.c. value. Specifically, we would like average values of current and 
voltage that yield the correct amount of power when multiplied (see Section 3.4). 
Fortunately, such an average is readily computed: it is called the root mean 
square (rms) value. 

The rms value is derived by first squaring the entire function, then taking the 
average (mean), and finally taking the square root of this mean. Squaring the 
curve eliminates the negative values, since the square of a negative number 
becomes positive. Figure 3.3 illustrates this process with the curves labeled V(t) 
and V 2 (t ) — though we could just as well have chosen the current I(t ) — where the 
squared sinusoid, while retaining the same basic shape, is now compressed in 
half. If we arbitrarily label the vertical axis in units such that the amplitude 
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Figure 3.3 Derivation of the rms value. 



f'ma X = 1, it is obvious that the squared wave has the same amplitude (l 2 = 1). 
Because the squared curve resides entirely in the positive region, it is now possible 
to take a meaningful average. Indeed, because the curve is still perfectly symmetric, 
its average is simply one half the amplitude. The only counterintuitive step now 
consists of renormalizing this average value to the original curve before squaring, 
which is accomplished by taking the square root: basically, we are just going back- 
wards and undoing the step that made the curve manageable for averaging purposes. 
Since | is less than 1, its square root is greater than itself; it comes to 

= 1 /\/2 = 0.707. Thus, the rms value of a sine curve is 0.707 of the original 
amplitude. 

Utility voltages and currents are almost always given as rms values. For example, 
120 V is the rms voltage for a residential outlet. Note that when the rms voltage and 
current are multiplied together, the product gives the correct amount of power 
transmitted (see Section 3.3). 

Example 

If 120 V is the rms value of the household voltage, what is the amplitude ? 

Since V rms = 1/V2 ■ V max , Umax = V2 • 120 V = 169.7 V. 

The maximum instantaneous value of the voltage is also of interest because it 
determines the requirements for electrical insulation on the wires and other ener- 
gized parts. In fact, one argument against a.c. in the early days was that it would 
be less economical due to its insulation requirements, which are greater by a 
factor of \fl than those for d.c. equipment transmitting the same amount of 
power. For current, the instantaneous maximum is relatively uninteresting 
because current limitations are related to resistive heating, which happens 
cumulatively over time. 
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3.2 REACTANCE 

In Chapter 1 , we discussed electrical resistance as the property of a material or elec- 
tric device to resist the flow of direct current through it. Reactance is the property of 
a device to influence the relative timing of an alternating voltage and current. By 
doing so, it presents a sort of impediment of its own to the flow of alternating 
current, depending on the frequency. Reactance is related to the internal geometry 
of a device and is physically unrelated to the resistance. There are two types of reac- 
tance: inductive reactance, which is based on inductance, and capacitive reactance, 
based on capacitance . Finally, impedance is a descriptor that takes into account both 
resistance and reactance. Resistance, reactance, and impedance are all measured in 
ohms (11). 



3.2.1 Inductance 

The basic inductive device is a coil of wire, called an inductor or a solenoid. Its func- 
tioning is based on the physical fact that an electric current produces a magnetic field 
around it. This magnetic field describes a circular pattern around a current-carrying 
wire; the direction of the field can be specified with a “right-hand rule.” 3 When a wire 
is coiled up as shown in Figure 3.4, it effectively amplifies this magnetic field, 
because the contributions from the individual loops add together. The sum of these 
contributions is especially great in the center, pointing along the central axis of the 
coil. The resulting field can be further amplified by inserting a material of high mag- 
netic permeability (such as iron) into the coil; this is how an electromagnet is made. 






Figure 3.4 A basic inductor, or solenoid. 



if the direction of one’s right thumb corresponds to the current flow (where current is taken by convention 
to flow from positive to negative potential), the curled fingers of that hand indicate the direction of the 
magnetic field. 
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Figure 3.5 Current lagging voltage by 90°. These functions could be written as V(t) = V max 
sin(oor) and 7(f) = 7 max sin(u>f — tt/ 2). Note that the relative amplitudes are unimportant, 
because they are measured on different scales. 

When such a coil is placed in an a.c. circuit, a second physical fact comes into 
play, namely, that a changing magnetic field in the vicinity of a conducting wire 
induces an electric current to flow through this wire. If the current through the 
coil oscillates back and forth, then so does the magnetic field in its center. 
Because this magnetic field is continuously changing, it induces another current 
in the coil. This induced current is proportional to the rate of change of the magnetic 
field. The direction of the induced current will be such as to oppose the change in the 
current responsible for producing the magnetic field. In other words, the inductor 
exerts an inhibitive effect on a change in current flow. 4 

This inhibitive effect results in a delay or phase shift of the alternating current 
with respect to the alternating voltage. 5 Specifically, an ideal inductor (with no 
resistance at all) will cause the current to lag behind the voltage by a quarter 
cycle, or 90°, as shown in Figure 3.5. 

This result is difficult to explain intuitively. We will not attempt to detail the 
specific changes in the current and magnetic field over the course of a cycle. One 
thing that can readily be seen from the graph, though, is that the current has its 
maximum at the instant that the magnetic field changes most rapidly. 

As the magnetic field increases and decreases during different parts of the cycle, 
it stores and releases energy. This energy is not being dissipated, only repeatedly 
exchanged between the magnetic field and the rest of the circuit. This exchange 
process becomes very important in the context of power transfer. Because the 
induced current in an inductor is related to the change in the field per unit time, 

4 This result can be derived through right-hand rules, or simply by considering the law of energy conserva- 
tion: if the induced current were in the same direction as the original (increasing) current, it would amplify 
the magnetic field that produced it, which would in turn increase the induced current, and so on, indefi- 
nitely — clearly an impossible scenario. 

5 The shift between voltage and current is a shift in time, but is expressed in terms of an angle. 
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the frequency of the applied alternating current is important. The higher the fre- 
quency, the more rapidly the magnetic field is changing and reversing, and thus 
the greater the induced current with its impeding effect is. The lower the frequency, 
the easier it is for the current to pass through the inductor . 6 

A direct current corresponds to the extreme case of zero frequency. When a 
steady d.c. voltage is applied to an inductor, it essentially behaves like an ordinary 
piece of wire. After a brief initial period, during which the field is established, the 
magnetic field remains constant along with the current. An unchanging magnetic 
field exerts no further influence on an electric current, so the flow of a steady 
direct current through a coil of wire is unaffected by the inductive property. 

Overall, the effect of an inductor on an a.c. circuit is expressed by its reactance, 
denoted by X (to specify inductive reactance, the subscript L is sometimes added). 
The inductive reactance is the product of the angular a.c. frequency 7 and the induc- 
tance, denoted by L, which depends on the physical shape of the inductor and is 
measured in units of henrys (H). In equation form, 

X L = u>L 



Thus, unlike resistance, the reactance is not solely determined by the intrinsic 
characteristics of a device. In the context of power systems, however, because the 
frequency is always the same, reactance is treated as if it were a constant property. 

When describing the behavior of electrical devices in the context of circuit 
analysis, we are generally interested in writing down a mathematical relationship 
between the current passing through and the voltage drop across the device. For a 
resistor, this is simply Ohm’s law, V = IR, where the resistance R is the proportion- 
ality constant between voltage and current. It turns out that the inductance L also 
works as a proportionality constant between current and voltage across an inductor, 
but in this case the equation involves the rate of change of current, rather than 
simply the value of current at any given time. Readers familiar with calculus 
will recognize the notation cll/dt, which represents the time derivative or rate of 
change of current with respect to time. Thus, we write 



meaning that the voltage drop V across an inductor is the product of its inductance L 
and the rate of change of the current I through it. This equation is used in circuit 
analysis in a manner analogous to Ohm’s law to establish relationships between 
current and voltage at different points in the circuit, except that it is more cumber- 
some to manipulate owing to the time derivative. 

6 The discriminating response of inductors to different frequencies is put to use in electronics. Electronic 
signals generally contain a multitude of frequencies. When such a signal is applied to an inductor, the 
lower frequencies are conducted preferentially. For this reason, inductors are also referred to as “low- 
pass filters.” 

7 To obtain correct numerical results, it is important to remember that the angular frequency is measured in 
radians/second (not cycles/second). The angular frequency with its implicit factor of 2 tt appears in this 
formula because of the way the units of inductance are defined. 
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Casually speaking, we might say that this equation characterizes an inductor as the 
kind of thing that does not like to see current change — indeed, it resists (or “reacts to”) 
any change in current. This is consistent with the idea that any change in current will 
cause a changing magnetic field that acts to oppose the new current. The greater 
the inductance, the more voltage is required to effect a change in current. Conversely, 
if the current is forced to change dramatically — say, by being interrupted elsewhere 
in the circuit — we will observe a voltage spike caused by the inductor’s reaction to 
this change. We can also identify the relationship between voltage and the rate of 
change of current in Figure 3.5, where the voltage curve has a maximum at the 
instant that the current curve shows the steepest increase. 

Although we used a coil-shaped object to introduce the concept of inductance, the 
same principles also apply to devices other than coils. The coil makes for the stron- 
gest inductance and is easiest to understand because the contributions to the mag- 
netic field from different sections of wire add together in a fairly obvious 
direction. We do not attempt to extend this type of analysis to objects of different 
shapes, except to say that inductance exists there, too, and that it depends on an 
object’s geometry. In power systems, the most important example of inductors 
that are not coil-shaped are transmission and distribution lines (see Section 6.2). 

3.2.2 Capacitance 

The other type of reactance is capacitive reactance , whose effect is opposite that of 
inductive reactance. The basic capacitive device is a capacitor. 

A capacitor consists of two conducting surfaces or plates that face each other and 
are separated by a small gap (Figure 3.6). These plates can carry an electric charge; 
specifically, their charges will be opposite. By having an opposite charge on the 
opposing plate, very nearby but not touching, it is possible to collect a large 
amount of charge on each plate. We might say that the charge “sees” the opposite 




Electric field 



Figure 3.6 A basic capacitor. 
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charge across the gap and is attracted to it, rather than only being repelled by its like 
charge on the same plate. In physical terms, there is an electric field across the gap 
that serves to hold the accumulation of charge on the plates. The gap could simply be 
air, but is often filled with a better insulating ( dielectric ) material to prevent sparks 
from bridging the gap (though even such an insulating material can fail or leak 
charge; this is known as dielectric breakdown). For compactness, the plates are 
often made out of pliable sheets that are folded or rolled up inside a container. 
Like inductance, capacitance also occurs in devices that do not conform to an 
ideal shape; coaxial cables are an important example. Our discussion extends to 
all devices with capacitance. 

When presented with a d.c. voltage, a capacitor essentially behaves like a gap in 
the circuit. Initially, there is a brief period of building up the charge on both plates. 
But once the charge is built up and cannot go across, the capacitor acts as an open 
circuit, and no current will flow. 

An alternating current, however, can get across the capacitor. Recall from 
Section 1.1 that although a current represents a flow of charge, individual electrons 
do not actually travel a significant distance through a conductor; rather, each elec- 
tron transmits an impulse or “push” to its neighbor. Because this impulse can be 
transmitted across the gap by means of the electric field, it is not necessary for 
electrons to physically travel across. This transmission only remains effective as 
long as the impulse (in other words, the voltage) keeps changing, because once 
the charge has accumulated on the capacitor plate and a steady electric field is 
established, there is nothing more to transmit. Indeed, the current flow across a 
capacitor is proportional to the rate of change of the electric field, which corre- 
sponds to the rate of change of the voltage across the capacitor. As the voltage 
oscillates, the electric field continually waxes and wanes in alternating directions. 

The greater the frequency, the more readily the current is transmitted, since 
the rate of change of the voltage will be greater. 8 The capacitive reactance, 
denoted by X or X c , is given by the inverse of the product of the angular frequency 
and the capacitance, which is denoted by C and measured in farads (F). The 
capacitance depends on the physical shape of the capacitor; it increases with the 
area of the plates and with decreasing separation between them (since greater 
proximity of the charges will cause a stronger electric field), as long as there is 
no contact. In equation form, 



The equation shows that the magnitude of the capacitive reactance (neglecting the 
negative sign) increases with decreasing w, as it should. It also increases with 
decreasing capacitance. This is intuitive because a decrease in capacitance means 
that the plates are becoming less effective at supporting an electric field to transmit 
anything. The negative sign in the equation has to do with the effect of capacitance 



In electronics, capacitors are therefore used as “high-pass filters.” 
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on a circuit being opposite that of an inductor, as we see shortly. Thus, when induc- 
tive and capacitive reactance are added together, they tend to cancel each other (see 
the example in Section 3.2.3). 

Like an inductor, a capacitor causes a phase shift between current and voltage in 
an a.c. circuit, but the crucial point is that the shift is in the opposite direction. A 
pure capacitance causes the current to lead the voltage by 90°, as shown in 
Figure 3.7. We can see that the moment of greatest current flow coincides with 
the most rapid change in the voltage. A capacitor also stores and releases 
energy during different parts of the cycle. This energy resides in the electric 
field between the plates. The storage and release of energy by a capacitor occurs 
at time intervals opposite to those of an inductor in the same circuit (this is 
consistent with the phase shift being in opposite directions). A capacitor and an 
inductor can therefore exchange energy between them in an alternating fashion. 
Like an ideal inductor, an ideal capacitor (without resistance) only exchanges 
but never dissipates energy. 

Also analogous to an inductor, there is an equation relating voltage and current 
for a capacitor. Here it is the voltage V that appears in terms of a rate of change 
with respect to time, and the capacitance C is the proportionality constant linking 
it to the current /: 



This equation characterizes a capacitor as a thing that resists changes in voltage, 
which makes sense if we consider the capacitor plates as a large reservoir of 
charge: it takes a lot of current to effect a change in the potential. Again, the equation 
is consistent with the graph (Figure 3.7) that shows the alternating current reaching 
its maximum value at the instant that the voltage changes most rapidly. 

Like inductance, capacitance is geometry dependent and occurs to some extent 
with electrical devices of any shape. For example, there is a certain amount of 




Figure 3.7 Current leading voltage by 90°. 
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capacitance between a transmission line and the ground. The parallel-plate capacitor 
is the strongest and simplest case, and it becomes much more difficult to derive a 
capacitance value for objects with different shapes. Such calculations are treated 
in standard electrical engineering texts. 



COMPLEX REPRESENTATION 

Complex numbers are a concise way to mathematically represent two aspects of a 
physical system at the same time. This will be necessary for describing impe- 
dance as a combination of resistance and reactance in the following section 
(readers familiar with complex notation may skip ahead). 

A complex number contains a real part , which is an ordinary number and 
directly corresponds to a measurable physical quantity, and an imaginary part, 
which is a sort of intangible quantity that, when projected onto physical 
reality, represents oscillatory behavior. 

An imaginary number is a multiple of the imaginary unit quantity V— 1. 
This quantity is denoted by i for imaginary in mathematics, and j in electrical 
engineering so as to avoid confusion with the label for current. The definition 
of j — V— I is another way of saying that j 2 = — 1 . It also implies that 

1 H= ~j- 

This entity j embodies the notion of oscillation, or time-varying behavior, in 
its very nature. Consider the equation x 1 = — 1 . There is no real number that can 
work in this equation if substituted for x. Pick any positive number for x, and x 1 is 
positive. Pick any negative number for x, and when you square it, the result is 
also positive. Pick zero, and x 2 is zero. So we devise an abstract object we call 
j — not a real number, as we know it, but a thing which, it turns out, can also 
be manipulated just like a regular number. We define j as that thing that makes 
the equation x 2 = — 1 true. 

You can think of j as the number that cannot decide whether it wants to be 
positive or negative. In fact, the equation x 2 = — 1 can be translated into the 
logical statement, “This statement is false.” The statement cannot decide 
whether it is true or false; it flip-flops back and forth. The imaginary j is therefore 
in essence “flippety.” 9 

The number j makes the most sense when we represent it graphically, as is 
usually done in electrical engineering. Consider the number line with positive 
and negative real numbers, the positive numbers extending to the right and the 
negative numbers to the left of zero. Now think of multiplying a positive 
number by —1. What does this operation do? It takes the number from the 
right-hand side of the number line and drops it over to the left. For example, 



} \ owe this term to Heinz von Foerster, as rendered in the transcript of the 1973 AUM conference at Esalen 
Institute with G. Spencer Brown (www.lawsofform.org/aum). For an unconventional and profound theor- 
etical treatment of *J—\, see G. Spencer Brown, Laws of Form (New York: Crown Publishing, 1972). 
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3 ■ — 1 = —3. In other words, we can think of the multiplication by — I as a 
rotation by 180 degrees about the origin (the zero point). 

Now we can take the result (say, —3) and multiply it again by — 1. We get 

— 3 • — 1 = 3. In other words, the number was again rotated by 180°. Successive 
applications of the “multiplication by — 1” operation result in successive 
rotations. 

So far, we have restricted our imagination to numbers that lie on the real 
number line. Now suppose we “think outside the box” and ask the following 
question: What if there were an operation that rotates a number not by 180°, 
but by only 90 °? Rotating by 90° does not immediately seem meaningful, 
because it takes us off the number line into uncharted territory. But we do 
know this: If performed twice in succession, a rotation by 90° corresponds to a 
complete 180° rotation. In other words, a rotation by 90°, performed twice, 
gives the same result as multiplying by — 1. 

But this leads us directly to the equation x 2 = — 1 , which asks for the number 
that, when multiplied by itself, becomes negative. If we define “multiplying by j” 
as “rotating by 90° ” and “multiplying by / 2 ” is the same as “multiplying by j and 
then multiplying by j again,” then to multiply by j 2 is to rotate by 180°, which is 
exactly the same thing as multiplying by — 1. In this sense we can say that j 2 and 

— 1 are the same. 

Based on this rotation metaphor, j is conceptualized as the number that is 
measured in the new “imaginary” direction 90° off the real number line. We 
can now extend this concept of being “off the real number line” to an entire 
new, imaginary number line at right angles to the real one, intersecting at the 
origin or zero point. Along this new axis we can measure multiples of j 
upward and —j downward. 

With these two directions, we have in effect converted the one-dimensional 
number line into a two-dimensional plane of numbers, called the complex 
plane. This plane is defined by a real axis labeled Re (the old number line) 
and an imaginary axis labeled Im (the new imaginary number line at right 
angles to the real one). We can now conceive of numbers that lie anywhere 
on this complex plane and represent a combination of real and imaginary 
numbers. These are the complex numbers. The complex number C = a +jb 
refers to the point a units to the right of the origin and b units above. We say 
that a is the real part and b is the imaginary part of C. In Figure 3.8, a = 3 
and b = 4. 

Rather than specifying the real and imaginary components explicitly, another 
way of describing the same complex number is in reference to an arrow (vector) 
drawn from the origin to the point corresponding to the number. The length 
of the arrow is the magnitude of the complex number. This magnitude is a 
real number and is usually denoted by vertical lines, as in |C|. In addition, 
the angle between the arrow and the real axis is specified, which we denote 
by 4>. The representation in terms of magnitude and angle is called the 
polar form. 
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These alternative representations can be converted into one another by using any 
two of the relationships 

\C\ 2 — a 2 + b 2 sin § = b/C cost ) '> = a/C or tan<}> = b/<7 

Adding or subtracting complex numbers is easily done in the rectangular com- 
ponent format: one simply combines the real parts and the imaginary parts, 
respectively. To multiply two complex numbers, both components of one are 
multiplied by both components of the other, and the results are added (like in 
a common binomial expression). However, multiplying, and especially dividing, 
complex numbers is much easier in the polar format: the magnitudes are multi- 
plied together (or divided) and the angles are added (for division, the divisor 
angle is subtracted). 

The imaginary j and all the complex numbers that spring from it do not have 
the same utilitarian properties that real numbers do. You cannot eat j eggs for 
breakfast, and you cannot be the /th person in line at the post office. Nevertheless, 
complex numbers as operational devices do obey rules of manipulation that 
qualify them as “numbers” in the mathematical sense, and their special properties 
in these manipulations make them useful tools for representing certain real 
phenomena, especially phenomena that involve flippety, such as alternating 
current. 10 



10 More about the conceptualization of v' — 1 can be found in George Lakoff and Rafael Nunez, Where 
Mathematics Comes From: How the Embodied Mind Brings Mathematics into Being (New York: 
Basic Books, 2000), who introduce the role of metaphor in mathematics from a linguistic perspective. 
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3.2.3 Impedance 

The combination of reactance and resistance that describes the overall behavior of a 
device in a circuit is called the impedance, denoted by Z. However, Z is not a 
straightforward arithmetic sum of R and X. Mathematically speaking, Z is the 
vector sum of R and X in the complex plane. A boldface Z may be used to indicate 
a vector or complex number with a real and an imaginary component. As shown in 
Figure 3.9, the impedance Z is a complex number whose real part is the resistance 
and whose imaginary part is the reactance: 

Z = R+jX 



Any device found in an electric power system has an impedance. For different 
devices and different circumstances, the resistive or reactive component may be neg- 
ligible, but it is always correct to use Z. 

Impedances can be combined according to the same rules for series and parallel 
combination that we showed in Section 2. 1 for pure resistances (although the arith- 
metic grows tedious rather quickly). Qualitatively, we can note that inductive and 
capacitive reactance tend to cancel each other, whether they are combined in 
series or parallel. 

When written in the polar format, the angle 4> of the impedance has an important 
physical significance: it corresponds to the phase shift between current and voltage 
produced by this device. By convention, when the reactance is inductive and the 
current is lagging, 4> is positive. When the reactance is capacitive and the current 
is leading, 4> is negative. Thus, what appears as an angle in space in the triangle 
of Figure 3.9 can also be interpreted as an angle in time. 

Example 

An electrical device contains a resistance, an inductance, and a capacitance, all 
connected in series. Their values are R = 1 ft, L = 0.01 H and C = 0.001 F, 
respectively. At an a.c. frequency of 60 cycles, what is the impedance of the 
device ? 

The inductive reactance is X l = u>L=317 rad/s- 0.01/7 = 3.77 !>. The 
capacitive reactance is Xq = — l/coC= — 1/377 rad/s • 0.00 IF = —1/0.377 = 
— 2.65 Q. Because the reactances are in series, they are added to find the 
combined reactance: X = X L + X c = 3.77 — 2.65 = 1.12 ft. The impedance is 
the complex sum of the resistance and the combined reactance: Z = 1 Q + 
j 1.12 !1. In the polar form, this corresponds to |Z| = 1.5 !L <f> = 48.2°. Casually 
speaking, this impedance would simply be referred to as 1.5 Q. 



3.2.4 Admittance 

The inverse of the complex impedance is called admittance, denoted by Y. The 
complex Y is decomposed into its real and imaginary parts, the conductance G 




